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1 ZetkrsmImge ket
11 Zebkssh]

e 1.1 (EMEA /). ik Vo MRS, BEROLEM vy, 2 SRR, POy F
e (R 2 C), BERICEM k1 ER0R, Fobtri. & SUmESE0R:

+: VXV =V, (z,y) »x+y

FxV =V, (k)= k-z

URAIEANEL R 2 H A1 8 AR

o Giff (Yt =@ty +2

o XM s ty=yta
o FHEZBTE: v+0=2
o fAEHCE: v+ (—2) =0

o BHTECH: k(z+y) =k +ky

o Al (k+Dx=ke+lx
o giaf k(lz) = (k)
o HFAERfITT: 1o =2

R (V.F, +,-) N8O F ERLrEasmlakmfasim), [k V. fiuib, 5 F hselos R wf, F&
RGNS 4 F O C i, ARz R Ak ash).

EfF. FETRORILF ERIIME, WA, 2 EAMECR A —E 2K
IAERI AT, RN Lk 8 St Rinl. RIS Al 2 P2 AT .

T3 R A 23 ] o

Bl 1.1, WECAEE n—1 W2 P, R i 2 BECE MBIl — &t 2

ESLE SRR

Bl 1.2 m AESCH i) b ) e A g HEEE 6 ) o e R A SRS b IR M Il — S Se e A ], AR

SR, QTfE C

il 1.3. n HES ) i) o Y A AR MR 194 1) RN M A K008 ) AR A il — R s ), AR

Bl 1.4. n HESZZ [ 0 4 P A0 8 ) 1o SR R S BB BRI — A et s 1)

EE. WG 1.3 56 1.4 M

A B AN ], (HX & B A RS A ] .

WS [A] o

Bl 1.5. Frfy m x n SEHE R 4 (A SR 5 PR R I YA AN BORAN Bl — > SR ER RST8], RO




Bl 1.6. LV =R", % z,ycV, ke R, &XIE & FETF ©:

T
sy = (=} +4)"% @5 +43)"7°. .., (&3 +43)"?)
kox=k"%

W (R™, R, ®, ©) Hp—Agta1E,

Bl 1.7. MV =RT, Xfz,yeV, keR, LMk e ALk o:

rDy=x-y
kox=ar

W (R*, R, ®, ©) #p— L2

X 1.2 (MR, RETLX). FEE—HAENBIE ¢, .. 0, 115
1Ty +cxo+ -+ epmxy, =0

WFRIT B 21, 20, .. 2 BPEME, BMFRNEMETCK
X 1.3 (M), HhE o AR A EH 21,20, 2 RS, IEE—HRE

C1,C2,...,Cnym {iﬁ%

T =C1T1+ Coxs+ - CnT,
IJ\HJ% x EII/\J\EE rﬂ%éﬂ L1yX2y w3 Tm éf‘ﬁ%%/f@ *HF\_Z C1,C2,...,Cm %«E%%%%&o
PR 1.1, R o ATDA 21,2, m REEFROR, A 21,20, wg ERPETER, WIEROR R

iﬂ:—ﬂﬂ ﬁﬁﬁ%—‘éﬂ%‘%/—?\‘%ﬁ d17d27' 0 '7dm7 r”J
T =CiTy+ Cay+ -+ CXy = d12 +doxs + - + dp T,

FR:
(Cl — dl)ZEl + (62 - dg)l'g + -+ (Cm - dm)mm =0

BT 2,20, 2 RETLHR, M a=d,i=1,2,...,m. O

HBGHE, B w1, 20, ..z HHEIHE EBE X = (21,22, 2), FERREHES MR
B c=(c1,02,. . )T, M 2 =ci@ + caza + -+ + cna, ATRIEICHE:

x = (z1,22,...,xm)c B z=Xc

HE, XH X FoRmEHANIREY, Xc WFAEEFRE, WigRAEEIRBR. dE—2, B



M 1, Y2, Y TR IEET AR 21, 20, .., 2 ZEFOR, B
yj:Cljx1+02jx2+"'+cmjxm; j:1727-~-7n

%B/A\glj\iag‘ X = (xlax% .. 'amm)) Y = (ylayQa cee 7yn)7 ’]%“éﬂ/ﬁ/%ﬁﬁfiﬂﬁ*/l\iﬁﬁ C= [Cij]7 Jrl[J
AT AR (A -
(y17y27"'7yn):($17$27"'7xn)c ﬁ Y =XC

FIRERY, XH XC IRk, Bk IR m B

X 1.4 (MREMETCKA). F—NERMETC KA B2, P BN o) B To vk PR R E AT T e
ToxkME, IRAFRL I EAU R LN TE R A

SIEE 1.2, ARRREMETC KR AR W DAY FE NI OR M To 4 .
P 1.3, XN A R AT R ORI TE R AL, A BN & B ER, W& m

A A,

L B 21,2, T B Y1, Yo, Y WEMEZSE VAR TR A, BRI
PAEMZMEFRR, RIFFTEARE A, B (15

(x17x27' ole 7xm) = (y17y27' © 7yn)A

(ylyy%' .. ,yn) = (1‘131‘21 s 7xm)B
W ik st

(y173/27- oo 7yn) = (ylay27" 0 7yn)AB

tr(AB) = tr(l,) =n

CEZIEIEGE
tr(BA) = tr(I,,) =m

WRIHBET R, A
n =tr(AB) = tr(BA) =m

RIS AR R et T 5 4L BT 25 1o 2 SO 1] O

S 1.5 (M B AELD). s LRSI VR GERCH H A OR St o 58 4H Y BI85 1) |\ N4
iEfF dim V. 4ERCH IRIFR A FRAEZSIR], 15 FR A o R 4E 25 1H] .

A XAE X Z A RE XK, 2R ER 1.3 Y] T BRAESS ), AN 2 Io K 24 e
& R HOE A F Y .

Bl 1.8. HEEMEHES C, HREIF = C, KRG ZHINIEMZEZ 8k
JRERTEZSA], H— R EMTIE R4y {1}, Wt RI4ER0E 1; HAURBENS F =R, WK




WUER AR SNBSS A [ RO i 25 1], H— MR T ke 4h {1, i},
R s [ e 2.

2. ARERTHEAIRYEZS (R, ToPR4EZS ) B T2 s ATt st 5t . A BRYEZS ) T 152
MRS5S SR AR B O IRYEZsR), A LAIRRE, AU

X 1.6 (JE). LMV YRR 2,2, 2, PR

1- T1,T2y.-.,Tp %ﬁ‘fﬁi?ﬁ?&a

TR @1, @o, ..z RV I ANEEECRE, AHRHIRR @ Bk .
R 1.4, Zelkas A LR MR I R A BB — A

LT (ARFIR). WX = (21,0, m,) REMESE V B— A, FE o RN R LM
FINN

EF. HAEN P REH AR X2 B R ) SRR A T AR IR R A T, i
m(1,2)7 # (2,1)7.

Bl 1.9. FEH 1.1 A2 A0 P,, w8 P, i— %
=123 =x,23=2°,...,2, = 2" !

MR B RECAEDL n— 1 METIX f(2) = apz™ '+ a12" 2+ -+ + an_oz + a,—1 AT G{E:

flz)=(Q1,z, z2, ... ,x”fl)(an_l, Op—2y - ,aO)T

ﬂ:% (an—la Ap—2y. -+, aO>T ?jﬁ%glﬁ}’t f(ZE) /T'Z—E% ].,ZE, IQ? LR 7$n_1 —FE{/‘Jﬂéiﬂ?o

SERL 1.5 (ARARFRMMILT). A a b m Vo i X = (20,0 2,), WIEETE X
AERRFREX TV B R B0 C g —A>—— W :

ox V=R C"), zw—&=(&,...,6) e RM(C)

IER. Gk, M. [

B 1.6, AR n gELRPEZSE]) VARE R 8 C (BRI, BIFFE——BES o 0 V — R™(C") 2 :

olz+y)=o(z)+o(y), Vax,yeV
o(kz) =ko(z), VYreV, kel



IER. FEOE: Bk 8 ARMUTEI AL e ENME: AR VORI, IR ATRE T AR RN
T T O AT [l PR o O

FAERGE, B 0 fEAMERIA YT E, HR PR R ok C Uk, PR
B = UREESE R M C e 1o JF X ARG IER 5, b a e — R
BRI . B, YN E NG, ATEREEM A WAICEARL, 2
AP EAERX A TR R, EREFR R AR T R 5 C, XA T ] AR B
T TR AT R 25 (A & TP T

X 1.8 (AR G PEHE). WA X = (21, 20), Y = (y1,- . yn), Y Rk
R X BRI R AR R

Y1 =C11x1 + -+ Cr1y

Yn = C1pZ1 + -+ + CpnTn

HEREEE AN
Y =XC

PRz AR A, FR C il AR
g 1.7, SEEE—EET S

e, FEREE. Bk C wn, WEERESE § € RY(CY) H § # 0 ifF CE =0. T
Yé = XCS = 07 EI] flyl +§2y2+ +§nyn = 07 iz_l? Y = <y17y21' oo ayn) 7%#/[\%%1%‘0 O

2 MHEE 17 BATR AR I, AR A JEA S AT AT DA 10 4R R 25 18] (4 79 4k 22 8] e 38
WiFE, BATIEGL, 2R RN ARIROR .

EPL 1.8 ([ RAEA[FEE T RN K R). WA R o, FEPET IR 7 51
§= (-, &) M =(n,....m)", B C NP, WH §=Cnslin=C"%

. z=XE=Yn = £=C0n < n=C"% O

2R MT R EC, BK {en, e, ent HHAMRME, Hrb e, FOR5 i RN 1. HRDEA
0 Kyt FEEHARET, mk » MHAMRRR R —8, P F A I A 7] — 455 .

1.9 (BPETEMm). & VB0 T ELMsn V dEETES, HIE:

LoV ERImEEW: & vy e Vi, Wao+ye Vs
2. XV ERBCRE: A eeVi, keF, Mk-zeVi.

WFR Vi g VST 2SR s 125 6] .
X 1.10 (s, AR 0 SURMMH TR F a8, HYEE N 0.
e 1AL (FAEEMFSEM). & Vi, Ve @SR VRS, WENTRIHRE N

VitVo={z]lz=a+y,zeVi,yecVs}
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B VinVy = {0} i, FRENTRIFAER, iEfE Vi e V.

1.9, W zeViaVe, fFEM-MaeV,yeVe fliffz=a+y.

IER. RSN, FUEME—ME. BRi% z =21 +y1 =22+ o, HA 2,20 € Vi, y1,90 € V2,
A 1 —220 =y2o—y1. HF ®1—22€ Vi, yo—y1 € Vo H VinVz = {0}, HILHEERZ

Ty = I, yl = yg. D

R 1.10. FEEEA AR TN, TS AR AR TSl .

IR BRI RS R, W O

el 111 (TEEMNERAK). B Vi, Ve MR Vs, )

dim Vi + dim V, = dim(V; + V3) + dim(V; N Va)

AR YRR —MAEEEEWIEIER . NEB/hTaE vin Vs ik, WEER—1
HX = (21,...,2,), REFHIT NV B9 (X,Y) = (21, T, Y1, -, ) T Vo BYEE
(X,2) = (w1, Xry 2155 2t), BEUER (X,Y,2) = (1,0, ey Yty oo Ysy 2155 26) N
Vi+ Vo By

TERA. SESERY FRER RS, TR (XY, Z) = (21, .., T, Y1, -, Ysy 21525 20) A VIV
pyEE, HFER 1) &KETR; 2) A& lFRRME— v e Vi 4+ Va.
1) HoCuEm&E T X, &

T s t
Zaiffz‘ + ijyj + chzk =0
i=1 j=1 k=1

Nk
T s t
Zaixi +Zb]y] = —chzk € Vvl
i=1 j=1 k=1

BT 2 ¢ Vi, W e, =0, 30 a; =b; =0. &I xK.
2) Hk, {EHL v e Vi+ Vo, M| Juy € V00 € Vo i1 vy + 02 = 0.

r s r t
v = E a;T; + g cjYj, V2 = E byzy + E dizy,
i=1 j=1 i=1 k=1

Ik ,
v = Z(ai + bi)x; + chyj + Z di 2k
| i=1 k=1
Zik, (X,)Y,2) & Vi+ Vo B—A Kk O




iR 1.12. 3 Vi, Vo EMEEE VSR Vin Ve = {0}, W

dim Vi + dim V5 = dim(V; @ V%)

e 1.12. | )R KR A1)

o AR o X EE AN g2 Lx) ={z |2z =ka,k € K};

o HMEH 21, ..z, R TEME: L2y, .. 2m) = L(21) + - 4 L(xn).
B dim L(z,...,2,) < m.
WIS R HE AT EE T — My et 25 alE A R 8¢ C™ AKEIM; 34k, R™ 8 C" d @31
BRI LNEZS . L, O EIIERI— B2 /R HE 50798, PALRIFR S
v BT A RN, IR F FRoR R 5 C.
o S i LT TR 4675, 3% 16— R A b R AR 7. SUPKTT 25, I A € o
AIAEER F™ wE ey o g sHEs s seE N mEE, walblElfEe Fr =P m
AR ZEATHRS A . SR AR B SRR, FRATER AT AG [ A M Rk (B /21 =5 1]
173 0] ) 2543 (R AR &
X 1.13 (BB, 178k). & A € T, FRES ) fE s i Al R 2tk o S AL BT 63 45 1 ) N 45K
A G, R T ) A BRI AR Ze e S LT L S 1y 1) AN ECh A AT R

Al 113 (ks TIRK). B A e P, W A BATRRSE T A B98I

B B A WFTHON r, HAT I R B — MRRRIETE R AN (c1, 00,0 500), HH ¢ R
frim, oAk

WA WA AT A DABAE 1, ¢, ... o WERMEA G, HAFEIARIC S RFR, BIFEAE
Wil B = (by, bs,...,b,) € FmXT | (fif5:

Amxn = BerCan

Ho B 1788 A MMATHAGRE. SAEREREMRE, EUERERE A /M
P 5 [ BT AGAE b, bo, ..., b, MEMEAE, HPAAGREE C WMNAISG T . Hit
A MR <r= A WTE. FPEE A TR < A RFIRE, BATERET AR O

X 1.14 (B). mTRIFE A MSIRCSATRRRSE, RIS —FRfERR, GC1E rank(A).

e 115 ({HI/F)20]). & A = (a,...,a,) € F™, FRHBNEEK M T30 Liay, ... an)
AR A BB A A, GEHE R(A), R
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HEE S 20T, rank(A) = dim(R(A)).

RESL 116 (Bl /B 20). i A€ T, Bty {n | Az = 0} SR A MR ISER, i
fEN(A), B
N(A) = {z | Az =0} CF"

R 1.14. % A e Fn ) | dim(R(A)) + dim(N(A)) = n.

FERA. EPH SR IF B F: W (z1,...,25) H N(A) —4E, BEY TN R &
(@1, s, Y1, - Yn—s)- AT (Ayy, ..., Ayns) 2 R(A) B,
BRI TEK . fRi:

n—s

> bi(Ay;) =0

Jj=1

BMT Az; =0 (i=1,...,s), JfPA:

z_: bjij = Z a;Azx; + z_: bjij =A (Z a; Ty Z_: bj?Jj) =0
j=1 i=1 j=1 i=1 j=1

Z a;T; + i bjyj € N(A)
=1 =il

B (@1,...,25) 5 (1, Ynos) REMETCXRA, FIPARGER b, =0,(j=1,...,n—3s).
PR

HWRIEH P R ERR, ] 2 € RA), WHEE w € R* ffiff 2 = Aw. & w 7
(@1, T, Y1y - ooy Ynos) XNEEFATALRPER RN :

s n—s
w = Zcixi + Zdjyj
j=1

=1

A2 z ATPAH (Ays, - .., Ayn—s) LHEFRA:

S n—s n—s

z=Aw = ZQ(A%) ol Zdj(ij) = Zdj(ij)

i=1 j=1 j=1

Zf%. Gilbert Strang HJZ54 B PUAFEAR 125 1] :

11



A c Ran

1.2 ZePEmus B SRR R

Tt At FoRTFEHATORUUZ R, EIETNTA AR Sl S i F W R B AT S R A
WY BIN: g A E— R R N LR B s (a] . [k, Ziphasia) [a]
ML PERR ST AT DA N AR, X IE 2 R R i A A I T 7

SEX L7 (MWL), % X MY BEOR F B LESE, T: X Y B2A X 8 Y i9—4
WLy, FXMER 2,y e X, ke F, #fh:

« T(x+y)=T(x)+T(y)
o T(kx)=kT(x)

WFR T 2 X F Y AZRrEm .

e 118 (MEMUAERERIR). B m HERIEZSE] Wl n R0 V, X = (21, .., 2m),
Y= (y1,...,y0) 22502 W,V B9E. X BT WU V el bAh Y 2o, Bl

Try =any + -+ Gni¥n

Txm =01mY1 + F+ CGumYn

LN Wk

PR AeFm oy T ek XY FHHFEERR.
EHL 1.15 ([ EAEAFE TR ARIRF R RR). B € W AE X FHMBIRRR N § Te eV
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1EY TRy n, THE XY TR A, IEAH n=AS. AT

T: 2 — y =T =z
1 1 A
A: & —» n = A ¢
. Te=T(X) =(TX) = YAE=Y(AE) =Yn = n=A¢ O

MESC 118 WLAE UL, ZePEMRSH R i T 26k, B A =o(T; X, Y). BESA AL, —4
HAR MBI, (AN BRIAEA RL B I RE R A2 R AR 7

SEA 1.16 (] ERIEMUAEAR AR PR FR A R R). BOA m B2 WA n 4ELkit
2RV, XX VY il WV AN, B X = XC Y =YD, Hp C,D Shid
(RITALSE) o BERPEB T 18 XY FREFERR N A, 18 XY TR A, ek
A'=D71AC.

. TX' =T(XC) = (TX)C =(YA)C =Y'D'AC=Y'A’ = A'=D"'AC m

119 (RN A). WAL S W =V TV U, EXLENMNEaNh:
ToS:W—=U, x— (ToS)(x)=T(S(x))

UM, SN S E U A SRR .

W 1.17 (LM RR). &SN WV, U HEE XY, Z, fEX8HET S, T
RN AR A=0(S;X,Y), B=o(T;Y,Z), WMEAWYS T oS MAEKFRRN BA.

EB. (To8)(X) =T(S(X)) =T(YA) = (TY)A = (ZB)A = Z(BA) O

28 WAEWN BARS X, Z %, 5Y kx, Ml BA=o(ToS;X,2). 5L b, &AM AL
BV s —HEEX— 50 Y e VAR Y =Y'C, BA:
SX=YA=(Y'C)A=Y'(CA)=Y'A = CA=A
TY =T(Y'C) = (TY')C = (ZB')C = Z(B'C) = ZB = B'C =B

Filt BA = (B'C)A = B'(CA) = B'A’.

P 1.18. B T RZpiasia) W AEasm] VAL, W W NI TS W e VOB
Z ViRV MEM TR 2, VPR TR Vi R T1(V) = {z |3y € Vi, y = Tz}
g WA,

BB M T REE LSE (B2 75 9 2 w4 20K EIT ) . O

R 1.19. & T Zeiasia) WS Zepkzsia) Vg ZEmGs, W, W Sy W NI F25mE], )

o T(Wy+Wa)=T(W1)+T(W2)

13



L4 T(Wl N WQ) C T(Wl) N T(WQ)

PERR. JCIESE—45. (THL o € TOW, + Wa), WIEEHE v € Wy + Wh filifs = = Ty, BIfFELE
1 € Wi,y € Wo fliff o = Ty +12) = Tn + T2, # z € T(Wh) + T(Wa), FHIL
T(Wi+Wa) C T(W1)+T(Wa); 51— AR x € T(W1)+T(Wa), WHFHE 1 € T(Wh), 22 €
T(Wa) 15 x = 21 + 2o, BIFFIE 1 € W, 4o € Wo 1% 2 = Tys + Tya = T(y1 +y2)- BT
Y1+ y2 € Wi+ W, X o € TWy + Ws), Htk T(Wy) + T (W) C T(Wy + Wa). 4L,
T(Wi+ W) =T(Wh) + T(W2).

FHIESE — 2%, AR 2 € TWy N Wa), WHFHE y e Win W, ffiff o =Ty. HF ye Wy, &
x=TyeTW,). MM € T(Ws), i z € T(Wy)NT(Ws). O

e 1.20 (RPEBRISAO(EIR, a5 SRE). BeALMmg T W -V, SRR, &

o B/ R(T) ={y €V | y = Ta,¥o € W)
o R /E%S ) N(T)={z| Tz =0,z € W}
o Fk: rank(T) = dim(R(T))

2. RGMIE, HE—ANE)E, ARG e SRR (e RS A R %
F, HBAA.

SERL 1.20 (PRSI AERUA ). BEALMEMST T W — vV,

dim(R(T)) + dim(N(T)) = dim(W)

EA. ATRAMEY SRR 2ORIER, SHFRR AR AL, A2 O

R 1.21 (RPERUS SR SRS R]). e W,V O F LSk =sm), T, T W =V oA W
BV RSAER, WHMEE 2 e W, ke F, & SUIMIEMBRMT :

o I (T + To)(x) = Ti(z) + Ta(x)
o Mok (KTh)(z) = k(Th(z))

W W RV AR AT IR A RNEOR A A et A ]

IEB. BrUES s (A \ S BER AT O

el 1.22. W W,V OB F EEasE), T, T W — Vo WSV ZEmt, (L w, vV
g XY, W T fEE XY PR A, T fEE XY TR RN B, WA :

o LMW Ty + T IRIFERR N A+ B;
o LMW KTy FEROR N KA, Hd ke F.
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TERA.

(M +T)X =T X +TX=YA+YB=Y(A+ B)
(KT X = k(T1X) = k(Y A) = Y (kA)

O

WA ESCHIE, FATHEDT TS MEBR S I 0] AR ST RS St ofe, AT I Il AKE AR
TERSANEWU ) ZR , B B A, MUFE Fr 2S[)2) Fm 2sia) i etk agidid, BArrel

1 PR WS PEMUN R P, SR B Ze PEWR SR W SERBE R PERR , AR AL A 5 i R T M
FE T SCHRE RSN o BIATR T E B

EM 1.23. F AceF™ . Be e, lj:

B)) + dim(N(A) N R(B))

dim(N(AB)) = dim(N(
= dim(R(B)) — dim(N(A) N R(B))

dim(R(AB))

2. AR R BRI A NS ECA IR, (B R AE0 A, B BVELIEBRYS, JK
LIXPSEE ] AR T [ B A

N(AB) &8 B WE] 1 0 BB MIBLR B WS 0. Ha A W] 0 sy
« R(AB) ZBAY B MATE] 0 i, BB A BUHE] 0 fyiks.

BB, BRI T, KIFRAEY TR 8. FAE—HAELRH 21,...,2, € CP
4% (Bzy,...,Bz,) 4§ N(A) N R(B) W—AE, IR N(B) W—NE (y1,...,9s), WHRSK
FEH (21, @ Y1, - -5 ys) MU N(AB) #9—ABEEIAT

BB EETL R BT (T1,...,2) RELR, (y1,...,us) KETLK, FRFEUEH
yi G=1,...,8) 5 (z1,...,z,) &KETLXWW. XEEHH, HH y; € N(B), z; € R(B),
i N(B) N R(B) = {0}.

HK, fEM 2 € N(AB), 84 ABz=0. 24 Bz =0 I}, 2 € N(B), A[LABE (y1,-..,ys) &tk

15



TNy M Bz#0 R/, Bz€ N(A)NR(B), At Bz A% (Bxy,...,Bx,) &tEFEx, Bi:
Bz:Zaini = B (z—Zai:m) =0
i=1 i=1

HET 2,2, ¢ N(B), TARBRIESANZE, W 2 AT (21, ..., 2z,) LHEFR.
X AT, ATDAZSUMR Y SER BB IE R, X LR —Fhorik. R E—4%0E

MEsE, 4G

dim(R(AB)) + dim(N(AB)) = dim(R(B)) + dim(N(B)) = p

RIRTHfE 2508 O

i 1.24. ¥ AP, BeFvr, CeFree, NI

rank(A) + rank(B) —n < rank(AB)
dim(R(AB)) + dim(R(BC)) — dim(R(B)) < dim(R(ABC))

iER. 1) fF:
dim(R(B)) — dim(R(AB)) = dim(N(A) N R(B)) < dim(N(A)) = n — dim(R(A))
SRS HAYY N(A) € R(B). FrbA:
dim(R(A)) + dim(R(B)) — n < dim(R(AB))

HI rank(A) 4 rank(B) — n < rank(AB).
2) KM, BT
dim(R(BC)) — dim(R(ABC)) = dim(N(A) N R(BC))
< dim(N(A) N R(B)) = dim(R(B)) — dim(R(AB))

JITPA:
dim(R(AB)) + dim(R(BC)) — dim(R(B)) < dim(R(ABC))

SERESTHI &N N(A) N R(BC) = N(A) N R(B). 0

L 121 (PR, R N DRI RS B B AR R Ly, BRI T W — W

X 1.22 (RMASHIHERIR).  f TR —A 250, Fr A3 e 2t i A
PEFORIY, R R X, T2A TX = XA, F7FE A B8N T KRR,

A A, W PUEFEMANA RS XY, XA TS A R K IH A v . AR AR
PAJG 4 3] 22 AR I e e — N A

S RMEMUNTEA A A AR RN R, KM AR T A E AR RN, X5
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H T AU P 2 S

SER 1.25 (AMASHAEANF B T IREFOR). BRI T fER X FIFER R A, FE8 X
MR AT, HINEZ B R RN X' = XC, Hpa A =C71AC.

. TX' =TXC=XAC=X'C'AC=X'A' = A =C'AC O

S 1.23 (ML), ¥ A, A" n BrRE, #AAFETE n Bl C il A" = C-1AC, IFR
A5 A AR

PR FERERIRLR R R A, B 2 -

o HPHE: AFI A ML
o XPFREE: 5 A M B AL W B A A R
o fRulE: ¥ AR B ML, B A C AL, W AFC AL

ERE. FTRAE DL, AR AR L2 [ — AR AR R TR . I, AL 3
SO R RAT R PERROAS L e 2 e PEAS R PN . 00, FRATTENRE DA (U 4741 X
MR, A e PR A T8 O B e 1 A o0 i s [ 1) BN 7 5 (A4 R A AR

e 1.24 (BMAERMZHR). 0 T2 FREGE ToT, it TF = TF1oT. 44,
B ) B—AZTR: f(2) = ar™ + a12™ 4 o+ @+, WHEREAR R 2 TN
f(T) = Clon + ale_l + et + amflT + amI'

TR 1.26 (LM 2 TEUWHEMFOR). # T WHEMFIRE A, B2 T KRR A 3
— it ZHGCf(T) RN f(A).

EAF. BIHE SCT MR Z I, B AR, AT GBS LA MA e — ek 8, G140 exp(T)

& sin(T)? Aid, XTI 2 Hamilton-Cayley B (EH 1.35) FIEE =FAIMKAIR, FATH
15 3.2 AR

1.3 KR SFeaEm &, Xtk

T MASHAE AN A B T R R AR, B A— MR ERR TR, B R R B
20 R LM AT AT XA N BRI R T RERT B CHRSTREZ Y 0)7 O TR ERX A I, AT %
BN G REFALAE-SFPAL ) R AR 2Rk

X 1.25 (AMASHMFFEE SRR ). W T PRI, AEdREmE o AEC A %
2T =Xe, WFRASH T FHE(E, « AJET A BRFE &

3 1.26 CHFEARFALIE SRR R). B A S n Briks, S dE T mE o M8 A WL Ax = A,
WFR A NRERE A PRFILIE, « NJRT A BORRE .

ER 1.27 (LA )RR (R R 1] B 5 M A RAE (BRI AE 1 ). 58 X k=S ) v i —
A, AR T AERE PR R A 35 A8 T W —RAEE, W R o e X
THAERRFRIR N € WA 2 A BIRFAESE, & X BIRHIE ] &
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R, HAEAR =X, TX = XA, Te =z, HI:

{Tm SER S Wgssaals | Af = X

Tz = Ax = AXE = X(\E)

A2 A MHRFAE(E, & RN RLRRFAL ) O

R ERE AR B R AE (R R AR P SRR RO RRAE (R R —FERY ,  TTARPALE 1) ) 56 AR A2 e I
AR~ A ARAR O AR o DRI TR AL (ERIRRAIL ), AT T 200 i ) A S —— LT A
FPAIE R 2 SR HUR T AR i, FRAL(EN HK B g AR A, AR fE S 4
ik ray e N FET R . WA A [l 2 R BRAT AR AN R 8 5 SCRIZRIE , (HAR S A [ 15 P X 48
2 R FH VIR .

EHIEMREAER, & A, v # 0 2K A RFEERXAER &, WA Az = Az, 8 (M -
Az =0. fiF = #0, WHZITREAMYEICS M — A 7p5, B det(A — A) = 0. #rtFRAI1%4H
FAEZ T AR FE- 5 AR & 3L

X 1.27 (BEETR, BHEHE). 8 A N n WA, FRETiat o(\) = det(\ — A) ki
Vi A HEHEZ TS, FE det(M — A) = 0 kil A HHHEA R, WA, BHIEZTIR o(\) B
(RDASE T RRAOMR) WURAIME A BORFER.

B HL, RIERBOE AR, n 2 IATE B A n AR (TREER), R T E
UL, FfTE SRR ER AR T .

w3 1.28 (RBER). WA N n BIREE, Ao AH—MRFEE, Fr Ao ENFFEZ I o(N)
IUEISHUE R oINEHblIw Gt

HTFRAEZ IR 0 B2, FROTIAER T AW R n BYBAES 8080 AT n
AN CRIFIRAAEG I ARB R BO B - 30X n DMRREECH A, Ao, N, (EERHMEEEE S
), M2AFEZTENBATAGIE o(A) = (A= A)A = A2) -+ (A= Ap). BT, EIERIAFEL T
ARG R R AR, RAOTATMFE N A E5E .

el 1.28 (ESHFALE, AT8I0 S RHIE(E).

L JifE A BBSET A BT R Z A
2. JifE A BATHIET A PTARHEEZ B

ER. BOHRE A BFRFIEEDN A, Aoy A, WIRFIEZ BT S 45 :

P(A) = A=A)A=A) - (A=)
:)\”_(,\1+)\2+...+)\n),\n*1+...+(_1)n,\1)\2...,\n
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7 I, AR

A—ap;  —aip - —Q1p
—a A—agzy - —ag,
o) =detOW —A) =| - ?
—Qn1 —Qn2 ot A— Ann

RPN —ATRIT, WPARILEH A A A i o —T:
(A —an)A—as) - (A — apn)
X2 PR HAB I e e R A2 B, e Ee s At B R BT
M+ A+ Ay =a +agp -+ app = tr(A)
RIAERE A W% T A MTEFHEEZ M. 740, FERMEZ TP RA X =0, f5:
det(—A) = (—=1)" det(A) = (—1)" A Ag - - Ay

PRIEA
det(A) = )\1)\2 aoa )\n

BIAERE A BT830 T A BT RHEEZ R O

SEA 1.29. AR FEA A R AR AE 2 K

M. WAL BRI, WFEAER R P 15 P~'AP =B, TR:

det(A — B) = det(P~'(A\)P — P"'AP) = det(P~' (A — A)P)
= det(P7!) det(A — A)det(P) = det(A] — A)

B A5 B k2 BiCH A . O

g 1.30. ARV FERGRHME(EA R, JEMEA ), A8 2CH A .

WP 1.31 (AB fl BA HMRIMAEFRHMEME). & A C™*", B e C™™, it AB IWFHEZ AN
wap(N), BA WFHEZIAN opa(X), NW:

N'oap(A) = A"opa(N)

Bl AB #1 BA AR B AR R -
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PER]. T

L, 0|[L, Al[A,.-4B o] [, A
-B I,/ |0 AL B I,| |0 \,—BA
LGP T A K EIASIIE . ]

RABZAGIEN T k. W A v 4 AB WRHEERRHE R, B ABx = Az, IBAZE B #5351

(BA)(Bz) = A\(Bz)

WU A Ml Br & BA BPRHEERIRHIE ) & . O

W 1.32. % A e C™n, B e Cm, i tr(AB) = tr(BA), det(AB) = det(BA).

i 1.83. ¥ A€ C™, B e C"*»,C € CP, | tr(ABC) = tr(BCA) = tx(CAB). DA,
ST 5 2 R AR TR 1 5 T A 2 (A S P

B 1.34. ALE n BrEMESHELT B =M.

IEH. BREECEAANR. B AR n BIERE, o0 8 A WRFIE(E A ST FHE R . R 2
P C* —AE (21, ..., 20), A Az HRA]ABOX EEL MR -

Az = b1z + barzo + - + b1z, = Az
Az = b1oxy + booxo + - - + by,

Axn = blnml + b2nx2 qF ceoqF bnnxn

BEfH R
A b o by
Ax—xB-x |’ "2 7 bl _y|r o
e 5 e 0 B
WRIEHMMERE, Wi B =QUQ™ H U 2 L=k, Ha:
[ T 1 o]l[x 7|1 o
AX = X —
0 QUQ™ [0 Q]() Ul o QJ
. _/\ ot
FrPA A AT B = kbR o vl O

X 1.29 (FHBH). & AR nBrdikE, A2 () @5 f(A) =0, WFK f() MK
A B— P E ST
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P 1.35 (Hamilton-Cayley ). # A 24 n BrlifE, W A 202 KB 2 i,

IEML BEREAAE. HOE, Hon= 10, EHEBAML; HIK, BUEBX 0 — 1 B
BOL, NTERIR n BrAEERAA SO A B n DNFRREER A, A, IRIEERE 1.34 1Y
RS RE AT AL, A AT

)\1 aT

0 U
BIFFAE I A P (15 A = PTIRP, o U Sy E=#FE. i TR RIRE M A AR R ) RRAE

B, FTRA Aryeoo A 028 R BORRAE(E, WEITRIN Ao, ..., Ay 2 U BUSFAE(E. 3 A BORHIES

p(A) =o(P'RP) =Y a,_i(P"'RP)'=> a, ;P"'R'P =P 'o(R)P
=0 =0

BT PAZIER o(A) =0, HFHZIER o(R) = 0.

(P(R) = <R - )\1]71) to (R - /\nIn)

A — A o An — A1 o
| o U- Alln_ll [ 0o U- A,,In_j
o a’ [T = M) BT
o U- )\1]”11 l 0 [T}, - AjInl)l
o 0
0 (U = ML) [T (U = A Laea)

HAREAERE, T1,(U — \Tao1) =0, B ER o. O

ik 1.36. WF n BAERE A, {A" AL ALY AR
MR 1.37. ARAT—A n ol A R SR8 A BRECH RS n — 1 B2 0, B

ATt =g(A) = a A" 4 ap A" P a1 A+ and,

X 1.30 (/N2 I). FROEERRME AL 1 B2 T m(-) /N2 His.
el 1.38. /N2 I AR AT EHALE AL 1 WEAZ T, H2m—m.

M. B () B ANETRRECON | IBRETR, ELTRBE: () = mWp(\) +r(V),
Horp r(A) BIREUNTF m(y) IR T ©(4) = m(4) =0, i r(4) =0, HETF m() 2
WHRMOBIL ST, FIOALEER r()) = 0. B m(\) | $()). 0

B 1.39. HiFE A B/ NI m(N) FIRFEZ I o(N) AR (EHTARIE ). Sef)ifid,
m(A) FRHERHMEE, RS o(\) MRECRFE .
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IERA. AREERE 1.38, ©(A) =m(Np(A), FTPA m(A) =0 = @(\) = 0. KL HFHIEN
e(A) =0 = m(\) =0. &% o(XA) =0, Axg = Aozo, N m(A)zg = m(No)zo =0, HTF

2R R A MR NZIROHEC m, IR (A LA LY R ORI T KA

NHEFATAI U A D HE R E(E S R & . st b, R RN RSO — S kR AR
BAR. BN, T AMAS RIS H A MR I RF AL (EAR ], AN [ PR R 2 T2 A (B 5%
F, HIEHISCHER 1.30 Frdhy “HIOUE A AFAREE SR A S B,

Rfoidy, BB LA e G AR Z IR, BSOS R R BUAR A 5 SORIE B AT DARY £&
MASHERBUAR —it , X HUR TR . R, 3R 1.34 BEHIXRMERLemrAs i, #AAE— MR
TEZEE TR 2 E= MMM, X2 TATIRGR A, HE=AEETRRE ., Mg
I B, FRATIE TR LRSS )

WA, @ # 0 RAMASH T LR AR, WA T = Az, Bl (M -T)z =0, Hf I £
ANESEA . XUz € N(M = T), #aitbIRA145 AL 143105 LAY S8 & .

X 1.31 (FHIET2E00). B Ao MRS T BFHIEME, WFR Mol — T BIBZHN T BT Ao HY
FAIET251E], GEfE E(xo, T), BB

E(o,T) = NI —T) = {z | (Aol — T)z = 0}
B, E.T) HHrAESE T JET Xo BIFRHEMN .
S 1.32 JUFTERD). W T R, N HHAFHEE, FR dim E(A,T) R Ao BJLTEEL.

B 1.40 (UBCELL > JUTELD). & T &MV ERMEMARR, Ao 8 T B— DR,
M HARRCE RO T 25T L AL

E. BILAER dmEX,T) = q, B E(Ao,T) HE z1,... 2, FFHY TR V HE
3317-~-7xqv--~7xn- EE:J:Xﬂ‘Z:17277q> ﬁTxi:AO-Tiv J-[:[:T%ngla---axqw--?xn?

F T |
o - O

|
: . . : A12
A= |0 - X

T2 AN -
p(A) = det(A — A) = (A — Ag)? det(A,_y — As»)

MBI E R ZE AN q. O

e 1.41 (FAAE R EME T RE). B A, A WSS T W HAMBIFRAEE, 21, ... 2
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2 R TR L R A B, IBA @, o RIETER

B BREEAAGE. B, BARHMERME o RIETER; HIK, R 21, v &ML
Ky Wy kiwi =0, N

i=1 i=1 i=1
¥ LA THE 2, 15
s—1
i=1

R, B k(N —As) = 0,4 = 1...,s — 15 WAHEEIAHE, ¥ &k = 0,i =
1,...,s— 1. JE7fi ks = 0. O

AR 1.42 (FHEm LTSRN, W A, A &R T 0 AMBIRAEE, 2, ... T,
BT N AT REHER &, A 21, ... yLlryy oo s Thly vy LThry gk,

ER. B YL > iy kigmey =0, 38 @ = Y00 Kyway, W
j=1 j=1 j=1

M s £ 0, W 2, 2 A BT A WEHMEfE, Xl S 2 =0, HHEEH 1.41 51 2, =0,
TG, HILAEEA o =0. AT LT, A ki, =0. m

X 1.33 (AET2E0]). HERMSE VAT Vi XM T /A%, Wl Vo e Vi,
A Txe Vi, Whg Vi 2 T WA TS0 X T W PABRE Vi ERZAsse, #o8 T 4E Vi B
PR TVi. AB(EAERERZ, T # T\Vi AR LrAe e (BN ALEERAR) .

Vv
T

T|V,

P 1.43. A TAERIFHS AL R AL T 45 .

IERR. VA, Vo R T A F250), WXTT 2 e i+ Vo, fifE x € Vi, y € Vo f§if5 2 = z+y,
HHTeeWV, TyeV,, TR Tz=T(x+y)=Te+TycVi+Vo. I, XT 2€eV1NV;,
HTTzeV,Tz€ Vs, i Tz ViNV,. O

EM 144, Akl T WfEIR R(T) A N(T) #02 T B2 T4
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LR, X Ve € R(T), Tx € R(T), # R(T) & T WAZ T2 XF Ve e N(T), Tz =
0€ N(T), it N(T) & T BWAZE T2, O

EP 1.45. B o RN T RRHER &, W L(z) & T B—4EA2E 72500,

\ SEAA. R (RS E LR 5 XS O ]

P 1.46. B f(t) A—2 T, W T BAZFaEmde f(T) BAZ T2,

Y. VIR T AT, Ve eV, B Tz e Vi. M4 T?x = T(Tz) € Vi, AL
A f(T)(x) € Vi, Bl Vi 2 f(T) BIAZE T2, O

i 1.47. 5 T murgidsie, W T AL FaEEdE T BARE 72500 .

‘ JERA. MRIEHES 1.37, T WBHE T MLm=, Hhalfassis. O ’

ik 1.48. FHIE T2 WA T 2500

‘ Y. WM -T 2 T MEWR, % E\NT) =N\ -T) % T @A%EFEE. O ]

BETAZ RS, TH5IADBR AL Sk,

SERL 1.49 (pHAAL). T o n gEENEESE] VBRI, o VO RLAEN s S T Y
AT SR EA

V=Vio -V,
W T ALV BFEAEET R R R 2 Bkt G -

Ay
A =
As

2, #7 TAEHE X = (X, ..., X,) PR R A HT AR, WV ool s SRR T4500
HIE .
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B RV ORDASMEN s DIAE TSR ER, EF AL TRV FER—IE X, =
@ity s Tiny)s (= 1,..008), FEMNEHFMEV E X = (X,..., X,), MR T EX4
ETREGERR N — oYX, Rz, & Tl X = (X,..., X)) TRREERRN
YRR, IR2MRIEE LEZE X KN T250 Vi & T AR TR, BV 28
IR BRI O

e 1.34 (MXFAL). 5 n HELNEESE] VO BRI T A VRS E N 2R %) A
B, WFR T Rl

ER 1.50 (WX ALY FEREAEAE). W T O n 4EERPEZSIA) VO _ERZMEAR e, U T apx i ALy sE
FAFRATAE— AR R AR, B T n NS IC RARFIE ) i

B UM TR B KRS — 4 T S AR — YA TN, HiY T
n NPT R AR F I GXLERHME AR T —3E) , VO3l DA (I ERHE 1) 523
PSR B — A T A5 B . TRARYEE L 1.49, T AEixX SUREAE ) SAs) B i) LR 1 AR
Fonhxt e (RIS ARE—SoR/NVERZ 1), BT arxtfadfe.

WENE: A5 T A, WIARSEEEE 1.49 R ) 8K TS AAE T —4er3e 1
Z3[E), Pt L, SO A R R [ A AR B O

R 1.51. ZPEARHE T a3 ALY S B PR A MR AL (EL A AR RS T LA B 45

B W A, A N T BB RRHE(E, 0

T Al <= fEAE— AR 1) S B
— dmE\,T)+ - +dimE\,T) =n  JUTEHZMETFn
— REEHET I EL

HrlgfE—2 Rl h, ABEEZMSET n, HRBEBRTETIUTESL, SRR
BT LA AL O

el 1.52 (MIXALRY T &0F). 5 T A n AAREHEE, W T wxtffe.

IEA. MRPER 141 W T n AERETERFHME R R, HI T wxafe. O

2, XTI, FAIGH TP KRR SR B, (LML EEE L=
AR, (B E=AEABRER, R, AR AT A — AU AL ) A i B, IR
AR T BRI R R iR B A R, AR, AR TR AR n AR To R
IRHIE T B BT AR AFAE — X Bl Ml ] i g 2 ag Y iXaitg Jordan ARifESE

1.4 " U¥HiEm ., Jordan FiiETE

FATE S B R TR F W PG B, B MM B R,
HEAEMEEZ K, BRIMBWADFEEARE R, ALK T HH, XA
KRR IR Z e 25 (A 4EEL .
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518 1.58. ¥ T 2 n k=i V. _ERygttAc, W

{0} = N(T°) C N(T") C --- C N(T*) C N(T**!) C -+

iEBA. & x e N(TF), W Trz = 0, T2 TFle = T(TFx) = T(0) = 0, FAt z € N(TFY). O

SIBE 1.54. & T 2 n LMV ERSMAES, HYEA mf N(T™) = N(T™), W

N(T™) = N(T™") = N(T™"?) = ...

JERA. HRIEGIBE 1.53, N(T™FF) c N(T™%), FrPARFIE N(T™HE+Y) ¢ N(T™+F) Jimf, &
x € N(T™H5) W) T+ (Trx) = 0, # TFo € N(T™ ) = N(T™), # T e = T™(Trz) =
0, Bl z € N(T™"). O

SI8L 1.55. i T 2 n Eikasm V. ERygdiAc, W

N(T") = NI =NT"?) =

IERA. ARG P 1.54, HEFEW] N(T") = N(T"+) BIA] . AR, 5 3 1.53 #1 1.54 '

{0} = N(T°) ¢ N(T") ¢ N(T*) ¢ --- € N(T™) € N(T™H)

TR dmN(T™) >n+ 1, XRAFHER, HURMBRAL. O

[BZHTSCRF A AR, St T alxdffe 2y HAOCY B n MR RIFFE &, M
17V Al DA oA A AR ) R SR — 2 TSR B BeAiiii, Sk As nheh s fh it Pk
BEATE B L ARRAEN b, T 0K SURFAE [ B K B —ZE TS RIEOR V. AR A, AR
PG IE 1.63 WIDAHERES] N((MI - T)) C N((MI —=T)%) C--- CN((Nd = T)™), i A
R, BRELEAFAE T2 E R TIE , DALPIR V. B — SR, RIS SRR 5 ) SOk
ik A AR o

X 1.35 ()7 SUHHERIE). & T RAMSA V. ERAMAR, N RHFHEE. #E s eV H
x # 0 FIEREL j i3 (A - TV 2 =0, WF 2 T BT A 8 SCRFER &

2AF. WRIETIHE 155 B, FL ERFEH IR j < dm vV JIA],

A THRTIACC)T SRFIEE” AR, PROA) SCRFAE ) 0 I A RAE AR A2 — AR A AR A i) B 17
USRI

B 1.56 ()7 SCRFE [ o0 AR (A ME— 1), 3 T RISV _Eddease, W T a4
SRR T AU T — IR (E

1£8. TODO O

R 157 (7 SCRFAE I AV NI ). 8T AN FRFIE (LAY ) SCRRAE T B et ook
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EM. SRR B A1, A RERIEAEH T WOARAFALE, 21, 2 XTI SFFAE R &,
HEMEMMX . BATFEAEAN 0K ki, ... ko 15

kizi+---+kpzy, =0

TODO o

S 1.36 (1 SURHEZSI). B T RN VBRI, N RHAFEM. B T JRT A
A SUBE R A T JRT A BT SUSEZE, e GO\, T).

B 1.58 (7 RHER I ZIE). & T & n 4B 0 Vo Em&tAs i, N ZHFEE, W
G\ T) = N((\ - T)).

R AR x € N((M =T)"), W (M -T)"z =0, HEXH z € G\ T). [k, IR
r € GI\T), WHFAEIERSE j < n f#if5 M - T)xz =0, Bl z € N((M - T)). XHK
N((M = T)) C N(M —T)"), Fibh € N((A —T)"). O

i 1.59 (BT SCRAEZS M EAM ). & T 52 n fEEMEEN V ERRIERHEE, M, .. A 2
HHAMBFALE, A2y

PA) = (A= A)™ (A= A2)™ - (A= A"
Hermy+mo+ - +mg =n, WV AT5RANE 25 6] ) B -
V=N(MI-T)")& - @ N((\I —T)™)

TR 159, HERGA N((AL —1T)™) i, W T FEX R T IR R 2 — > Huxt
AR, XfE “BR7 G EEAREMIENXT, BERINAETES S —RNERER.

X1 T Jordan FRAETZ AR E o
X 1.37 (Jordan #). FEUIT AYHFEFRAE Jordan B,

X 1.38 (Jordan FR#ETE). M T Jordan Hey BB AT A 43 O A A EFRAE Jordan FRIETE

Ji(A1)
J2(A2)
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B 1.60. fRAE—Fh A WRHIEZ I 4 -
P(A) = det(A — A) = (A — A)™ (A= Ag)™ -+ (A — \,)™
Hormy +my 4+ me =n, R A, e, A WELES, #15 A MHEIT—4 Jordan ARUETE
PlAP =

HERT Jordan SEGHESINGFASE Jordan FRifEFEME—.

Jordan HRfEIEA AL RTE? FAELFES], (LR n HHAEMASREALLT — A L =MAMFE, (52 L
SHMPERZ REIR T, AMETWIIE H—J7H, BT R, (HAE g A AT REAT
AT =X (A n NRIETRMRFERE) 5 1 Jordan ARUETEIEA L B =R
B [N BT F AR RER RA T — A~ Jordan FRiEIE, PHILARR T = MM S0 AR LR

AR T T Jordan FRHETE , Tl LA S — I RHES TR~ JEREE 4%
ARG (RS 1.60 S T4EAE , WAt H8)7 Bt (A— 1) BERTDASMIBIL (A~ 1)(A—1)%,
WATDUMRR (A —1)7(\— 12 FHAET SRR (A B AR S i TR 5.

Jordan briEJEMIVEG 5k

L B A WRHER M A — A

2. WRAHMERMERATHIRE 1 Di(\) Fom s i Br 1o 2 PG

3. WHEAEWT: di(N) = Di(\)/Di—1(N); Hr Do(N) = 1;

4. WHEHEN AL HENARER TR AR, SR AR5 A T, S0
B R ) 55 R -4 5

5. G Jordan AR#EIE: —AHISERE F XY —A> Jordan B, #7455 HFIREUMZ Jordan B4,

B 1.10. 3 di(\) = (A—2)2(A=3), da(N) = (A—=2)2(A=3), MFIZEHEFHHK {(A—2)2, (A —
3),(A—2)2,(A=3)°}. EBHPE AN A—2)2 KH d1(\), B4 (A—2)2 KH ().

Jordan FrUEIBAEHIEMEN 553 BRI T Jordan AREE J, BUFESRMEAS A P. BT
P7YAP = J, FiPh AP = PJ. 3T J 2rY e, oA A s—d—deg B/ AP, =
P.Ji(\), Ho P2 P st s, Bahs Hok:

A(p17p27' o 7pm) = (plap%' o 7pm)
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Apr = \ip1 (Ml —A)p1 =0

Aps = p1 + A\ip2 (NI — A)py = —p1
Aps = pa + A\ip3 = (Nl —A)ps = —ps
Apm = Pm-1 + )‘zpm <>\zI - A)pm = —Pm-1

FELEXH p2 A BEFERE, po,...pn 2 A BSCRRIER R BAGEYL, BT A LT
BUNFARBER, FrOASRAE] m AL R, R SCRRAL ) SRR

sEH 1.61 (Jordan FRIEE S/ IN). RTFHHLE A, HAER/DZ AP HREETIET A
1) Jordan B Bl

B 1.62 (Jordan FRIEFESILATERL). SPHRAEM A, HILTEEETET A 8 Jordan g

Bl 1.11. FHEGER::

WPARE A =184 3 Hrfl—4> 2 Briy Jordan B, FrAihEId (A — 1) BRECH
3 [HL, (A+1) MRECH 2. T2

mA\) =\ =13\ +1)2

5, A =11 A= —1 %4 24 Jordan B, NI ILITELELE 2.

Jordan HREIEMI I FATEE AR BN AR — A EEAE AR L AF i
A=PAP' = A" =PAP!

T TCEA R AL AR R 5, Jordan FRUEFSALEE] T2 AAEH -
A=PJjP' = AF=PpJj*p!

DIHEATIAE TR > T 5. thT J R AR, FroATRAT] R BB A% 8 — BT
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JA) = A, + L,

Hop LO2—AREAFE, W Lr =070 L' #0. T

k
TV =>"
=0
k
1 .
=) (WML =
=0 Z'
Hilk2, MFEWL f(z) = 0, anat,

) = Z%J(A)k

3

= Z Fon"

= Z Z| (Z ak)\k> : L=

L:

k

= rXr

=0

min(k,r—1)

D

=0

H:

2.

D

=0

>

1=

min(k,r—1)

0

'()\k>(z ’L

2!

(i)
’Ll (Z ak)\k> Ll

)

0
i / TR CY I Y] FARI 0N
- (;\> /2!)\ f”B(I)\) f<(r72%2!x)
VOV MOV 2 f((:«—gz;)
) o) FO) e
f) )
TAC R .
1.5 BRSSP 52
KRECZS[E] (WFRZSTE]) e LT WBLE B RS 8o R F2btasia.
/J:.)( 1.39 (WA, BRaRZsm]). & V@il R B mEasia), & SR (-
Lo dEfdE: (2,2) >0
2. IEEME: (1,2)=0 < 2z =
3. R (z,y+2) = (x,y) + (, 2)
4. FFRE: (cx,y) = c(z,y)

WFR (z,y) R = 5y BN,V RERIRES

S [B]B 5L

30
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VxV =R,



A ALEAMEAS R EE] DAE AR, (B AME— . — B TR B E SO A R s AR bR
KEXW A (mTjC)O

YERR. (2, ky) = K(z,y)
PR (2,0) = (0.2) =0
VR (Setet). (Y0 G S5y mins ) = Yo S0 €omy (i)

Bl 1.12. EERI 1.6 g LkitaE (R, R, ®,0):

z®y = ((} +33)"/% (=3 +43)"%. .., (a3 +42)'/3)"
kox=kY32

AlE LA -
(xay) = ('Tl : y1)3 +eeet (an + yn)3

Bl 1.13. ZEM 1.7 g kit (RT, R, @, ©):

rTDYy=x-Yy
koz=2"

A SE SRR
(z,y) =logx - logy

Bl 1.14. XTI 1.13 hpg—4e=sin), WA E RRBREHY e 2 4] Vo= RY x
R > x RT, & SUMIATIEGRA -

TOY=(T1 Y1, T2 Yaye- ., T Yn)~
koxz=(2F 5, ..., 25T

A E XABUA -

(z,y) = logzy - logyy + logzs - logys + - - - + log z, - log yn

Bl 1.15 (HR¥EAEAREXAR). & X AV ER—E, R 2,y € V FEIRE T 1A R 5
Ha=(ay,...,a)",B=(Br,...,B.)", MIFATLATE LA

(x,y) = 04161 + - +an5n = aTB

o B A LR NBUY 4 A, EEXME TSR EECE X, 7] A ANE
EPLHEXHNBRZERRR. & X' = XC, z,y £ X' FHABIRN o, 8, IBAH:
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o/ =Cla, B = C7'B, FR:
(x,y)/ — (Ozl)Tﬁ/ — OzT(C_l)TC_l/B — aTA_l/B

Hit A= CCT JIEERE.

A XTTRENRZ— MRS, RATE LIRARE ORI AGE of 8 BB, &
MHBEE K (z,y) HIEA.

X 1.40 (KEE/BL, mNARIE SR, FRIEASEEL (2] = (2, z) RaE o WRKEEEL, Hit
FE LI RRES || - || FRAE e RS 075K

S 141 (). SRR 5 Ly A (r.0) = anceos (U

EX 1.42 (Gram #i[F). KAREH X = (z1,...,2,), R

Gram(z1,...,2,) = [(zi, x;)]i;

b X {4 Gram %%,

L 1.43 (FF Gram LT FINEH). o1, ...,z RN R ELMAR T4
Gram IR 5.

E. Wz + - Fanz, =0, 5 o AR
ar (T, z1) + -+ an(rr,z,) =0, k=1,...,n
BYEMH R

a1

Gram(xy,...,z,) | 1 | =0

K NRT a1,..., a0, PFFREMEHFE, FrPA:
Gram MifIEA R <= (a1,...,0,)" RESZMH < 21,...,7, KYETLX

O

B 1.63. WmEd X = (v1,...,2,) SWEHAY = (y1,...,yn) W Gram FHES 512 A =
Gram(X), B=Gram(Y), HY =XC (Bl C 2 Y fEm &4 X FRFmRAERK), W:

B=cTAC
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TERA.

n n

n n
B = (yiayj) = (E CkiZk, E Clj$z> E E Cszz] -’Ek,xl g CkiAlelj
k=1 =1

k=1 Il=1 k=1 l=1

BB B = CTAC.

w144 (FF). & A B R n B, SEERRE C 5

B=C"AC
WEr A5 B &lh.
TP 1.64 (Cauchy-Schwarz ~E5ER).
()| < [l llyll

B WA X = (v1,...,2m), Wy THEMNRERR: y=200 N, W

F(\) = |lyl* = (Z)\ wz,Z/\ 333) = ZZ (@i, ;) = ATGram(X)A > 0

BT KA F(A) D, i) Gram(X) SPIERE, #) det(Gram(X)) > 0. 550, B m = 2,

X = (x,y), BA4:

e (x,z) (z,v) i . )

1k BfS: Cauchy-Schwarz A%,

#l 1.16. Kz = (z1,...,2,) ER", y = (y1,...,yn) € R", NRHE Cauchy-Schwarz N5

H:
|Z1y1 + -+ Taynl® < (@5 + -+ 22) Wi+ 92)

Bl 1.17. & f,9 R~ [-1,1] FRSEIESERE, WARHE Cauchy-Schwarz ANS5E:H :

RIRCOIRED

f(@)g(z)dz

‘—1

ERL 1.65 (ZAA%ER).
|z +yll < [zl + llyll
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TERA.

lz+yl?=(@=+y,z+y) =(z,2)+ (z,9) + (v, 2) + (,9)
< ol + 2/l [yl + [lwlI* = (lll + llyl)?

HAU/NFETAER T Cauchy-Schwarz A2, [

EHL 1,66 (CPATPUIL B ESER).

Iz + ylI* + llz = y11* = 2(ll=[1* + ly*)

TERA.

lz+yl* + lle — yll* = lel® + lyl* + 2(2, y) + l21* + lyl* - 2(z,y) = 2([l=]* + [y]I*)

O

P 1.67 (Reisz Frn @ Bl). n ZERRECES 0] VA IR 1 4Rk ek B0 il DA AN ARIIE S, BRI i
Wz) RV = ADERYERE, WHE—D R w e V, fHME— 2 € V #A (z) = (w, 2).

R BV AN X = (21, @), Br= 0 agmg, W
I(z) =1 (zn: aa:) = zn:ail(xi)
pa pa
EXNBINE X TARFRNER, IRARE w X ARAR (1(21), ..., 1(2,)) BOIIEE, B
w =X (U(zr),...,U(z,)) = il(mi)ml

LA U(2) = (uw, ). 0

XY 1.45 (EA). # (2,y) =0, MFRz 5y E3, itfEx Ly.
X 1.46 (IEAZ M EA). FHRECASE P —HIEFT W IERS, WFRZ A IEAZ &4 .
P 1.68. IEAZ M EH - E LMK

PR, K (21,20, .., 7)) e NERXHEH, H oz + 2w+ - apz, =0, N:
(aqzy + 02x9 + -+ - ATy, 1) = o (21, 1) + @2(x2, 1) + -+ + A (Th, 1) = @1(x1,21) =0

HT 1’1750, fﬂ( a; =03 Iﬁlfﬁﬁf@f&l:(b:“':an:oa fﬁ(fla@a-uaxn ?ﬁfﬁﬂﬁﬂé O

e 1.47 (IEXHE, PRfEIERRE). A n 4ERRENESTE] Vo, n A IS ) A B AN K et T SR 21
LV ORIEAE L s P B o) 2 R IE A AR AR v I AT K
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M 1.69 (LRGSR FAE— B ). XV PREE A (v, 20, ..., 20), fAE—
IEQ% (ylny, s 7yn) {%E

L(zy,29,...,2;) = L(y1,92,---,¥i), Vi=1,2,....n
JIEBH AR 2 Gram-Schmidt 1E A2k #E .

Gram-Schmidt 1FAgfbilfe:

1) HILMuEA AL

Y1 =1
(Imyl)
Y2 = Ta2 —
(y1,y1)
x b x b
Ys = T3 — ( 3 yl)yl ( 3 y2)y2
(y1,91) (Y1, 2)
1—1
Z L),
k=1 yk7yk
2) SR —4k
_ Y .
zZi = , 1=1,....n
[l

i—‘:EB;J —EE&_“HE ﬁ#uﬂémﬁv 1&&% Y1y -5 Yi—1 W‘ngﬂzﬁv %B/A\X‘Tﬂ:jzlaaz_lv ﬁ

(yi,y5) = (961 - i (xi’yk)yk)yj>

= (Y Yi)
-t~ (5 )
= (i, ;) kil x“yk Yk, v5)
Bl
=0
B yi Loy ARAEFAARE, yis. .y PIIERZ. O

L 1.48 (FARMIERYE). BV WFATF2E Vi, Vo e Ve e Vi,Vy e Vo, (z,y) =0, FF
Vi 5 Vy IEx,

X 1.49 (IEAKN). B Vi MRS VO Fasta), e SCH RSy -

Vit ={z| (z,y) =0,Vy € Vi,z € V}
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A 1.70. B Vi WIGRZER VORI FAs,

VieVi=Vv

iE. BRE VNV ={0} EVi+ Vit cV, BEFIEHR i+ VD V. & Vi I—AIE
ﬁ%yy (xla"'7mr)7 {fﬂy S V; _& r = Zzzl(zaxi)xi7 I)_I\U/l:laﬁﬁ?ﬁE Yy=z—= S ‘/1J_7 E[])“__E

(y,2,) = (z —x,2;) = <z — Z(z, x;)%;, .%‘Z>

= (z,2:) = )_(2,2;)(25,2:) = (2,2:) — (2,2:) = 0

=1

O
EM 171, XHMERHERE A e R, £
RY(A) = N(AT), R(A)@ N(AT)=R™
RY(AT) = N(A), R(AT)® N(A)=R"
B, WA= (ay,...,a,), HPHEE o € R(A). &z R, £:
r€RY(A) <= (2,0;)=0,i=1,...,n «— ATz =0 < 2z N(AT)
. RH(A) = N(AT). AW R-(AT) = N(A). FHR4EER 1.70 1[15 R(A) @ N(AT) =
R™, R(AT) @ N(A) = R™. O

AR, ZEFYH R(A) 5 N(AT) HRHIER#h. R(AT) 5 N(A) HHIEZ4h, B Gilbert
Strang [P ANJAR F-25 a] ] e B4 S0 3L

w3 1.50 (IR, BV @ —MEaslE], T3 EdtiAss. & T G5 V AMEE R «
REAZ, BTl = ll=ll, WFR T 41ER A .
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R 1.72 (IERZAR A SR E ). BXasE] Vo BRI T S8 I A2 A8 e i) 78 B4 2 AR R N
PR, BIXMER 2,y €V, B (Tx,Ty) = (z,y).

w151 (IERARE). A7FE Q Wik: QTQ =13 Q' =Q". Il Q KIirfEiEsr, WAk
Q NIEATE:.

SR 1.73 (IEAAe e 5 IEAMIFE).  Waas (A]_E R AR # T O 1R A AR e i) SRR A5 e HAE BRI
BEHE T W I IR SR

W B X N MREESE, TX = XA, {2 = Xa, W Tz = TXa = XAa, HIL:

(Tz,Tz) = (Aa)T (Aa) = oTATAa = (z,2) = aTa
— of(I-ATA)a =0
— ATA=1

AR EEEHBOL LA EAREIE SR .

PR IEACHE AT S

L 7O SN U BUIE 1K S St Bl
PERR. ISR R B ISR
PR IE SR A B 1 SR

JERA. W X,Y HIEASHE, YV =XC, itz =Ya=XCa,y=YB=XCB, N:

(z,y) =a"B=(Ca)T(CP) =a"(CTC)B = CTC =1

PR TE S R AR AL (B (o 5 T Y B B

AL B A NIESHFE, Az =z (¢ #0), WHHBEHEsER «7AT = ! (R A 2
SCHLRE, AEHCRFAEERURRE [ BT AR R SR AL . T2

2 =2F AT Az = APl = N2 = |M\? =1

O

3 1.52 (AMEMGTILHE). & PO2RRRasE W SIERR AW Vo — e, @ 2 V E W
Ry — PR, #% Ve e Wy eV, f (Pa,y) = (2, Qy), WFKQ N P ByILHE.
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xoe— | T~ Py * % T

ot~ | —

R 1.74. % XY 4 5l@ieEsE W,V ARHEIESCE:, P2 W B V — DR, Q 2
P dtE. & PQTE XY FHRERSR N A, B, W B=A".

2. T PX =YA, QY = XB, Fibh:

(Pxj,y:) = (Zakjykayi> = Q4j

k=1
(‘r]a Qyz — (‘T]? Zbkzxk> = ji
Ehﬂ: (Pxpyl) = (xjaQyi)a éﬁ( Qij = ]17 I] B = AT L]

X 1.53 (ML), W T 2R n VB DA, #5X4 Ve,y e V.,
(Tz,y) = (x, T*y) WS, MFE T j9 T By,

R 175, W T AR X = (21,...,2,) FIOMIMERRN A, X ) Gram 5N C, W2 T* 1ok
X FHRMERR A B = C1ATC.

iERA. T TX = XA, T*X = XB, fFrbA:

n n
(Txi, ;) = (E amﬂ:m%) = > api(xx, z;) 5 ki Chj
k

k=1 =il
(961'7T*1‘j) = (l'i,zbkjfﬂk> = bk] xka Zbkjczk
k=1 k=1
f%: 22:1 Ap;iCrj = ZZ:I bkjcik, E]] ATC =CB. ]

X 1.54 (SFRASHR). W T @RKIREA] Vi — &M, BV AR g o,y #4
(Tz,y) = (z, Ty) WOL, NUW T HV AR FRA

SEPL 1.76 (SONTFRASHL S SEXRFRAIRE). WG 25 ) H () e A 2 SR AR A i FE B i EAE b
HEIEZEHE T AHE A SR FRAR R

EM. WX A MREIERCE, W T 7E X TRAMRR N A, Bl TX = XA
M BT X OWAREIE R, WL Gram HFER I, BT T A G502 ALY, R
EH LTS W A=11AT] = AT,
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Fe o
(T, ;) = (Z ki T, T

(24, Tz;) = ( Zaijk> = a;;

=) —
155 aj; = Q5. O

=] a’jl

R 177, SRR AL (EAR M SR, BT AN R AL (R ARk ) AR LR AL

. & Az = Az (x #0), N:
z? Az = dxHz = (A¥z) z = (Az)7z = O2)Pz = dalx = A=)
A ER Fix Ay =py (y #0) H A #p, W:

yT Az = Tz = (ATy) 2 = (Ay) T e = py"z = 4Tz =0

O

_FE&TI]'HQ)%T S B R ESOER SERO T R B = B0, AR AN R, RG2S 8] 9 e i 25 6], WA
RN, IR AR IE A Y R o PG AR M P R, SEXI R AR e fN SEXS FRARE D 8 4 Hermite
JEFEA] Hermite A8, EATHCA & RIIMER .

X 1.55 (N, BEE). &V REEE C B, &R (L) VxV =C, %
WEXT Vo, y,2 €V, c € (C, HRA

. 5”5@@ (z,z) >

o IEEM: (w, )— 0 <= z=

. ?CQ\ " (cx,y) = c(z,y)

o MHEE: (z,y+2) = (x,y) + (, 2)

o DR (2,y) = (y,2)

WFR () AR, VO PEsTE] L SRR s A B A AR S )

Bl 1.18 (MRyEMebrE XENR). W X JV EW—NE, Wi o,y € V IEIRE Ry
?J'Jj] a = (ala cee >an)T75 = (/811 cee 7Bn)T7 m”ﬂ[/\/\fﬁ}(p\jﬂj\‘

(x,y) = alBl qpooc +an6n = BHOé

5 5 S I S AR AR DI A 2 A

A, WEAPREIGE 8 &, X2 T AR T8 . A SER L, SFIRESTE
(z,cy) = c(z,y), WHNFHNV SR o 8, LHIEERE o .
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& Cauchy-Schwarz A% 1.64, =M 1.65 FIPPATIUAIEIESEL 1.66 HIERTE AR A
BRG], BN TR AR AR T

el 1.78 (A fasEsX).

Re(z,y) = 7 (lz+yl* = = —y[*)

=

1ERA.

2 +ylI? = [l = ylI* = (=1 + lyl1> + (2, 9) + (g, 2)) = (=] + lyl? = (z,9) — (¥, 2))
= 2(x,y) + 2(y,z) = 4Re(x, y)

O

X 1.56 (PASHR). i T @0V pRggiAstie, & T REREAZ, WXV fEg z, A
(Tz,Tx) = (z,2), WH T RV BRI,

SERL 179 (WA BEEME ). TESA] V _ERMAS T 2 P9 A8 i) 788 A A AR B I BURAE
BIXHER 2,y €V, H (Tx,Ty) = (z,y).

e 1.57 (FHFE). #n Bl A e ATA=AAT =1, WFK A HPGHEE.
SEP 1.80 (P4 S PRI, P AR P 2 [E) O bm i . 8 28 R A e Y e
PR 74 R ) R P P R

PR TS P R ) R AR 2 P R

w3 1.58 (AMEMUHILEE). ¥ P 2 =sE WS =sm V — S, @ 2rasE vV
BIF 2SI WB— RIS, X Ve e Wy eV, f (Pa,y) = (2,Qy), WFK Q 2 P B4,

Bl 1.81. & XY 4p 5@ lyasn] W,V iAREIE SR, P 2 W | V i— P ey, Q & P
k. & P,Q 75 XY THHMEMZRRA A, B, M B = A"

X 1.59 (BEMApyItag). & T @%an V EW— DR, &% Ve,y e V, F
(Tz,y) = (x,T*y) WL, WFR T A T HILHE.

YRR SetbAsd T g tielhe St As .

A 1.82. W TR X = (21,...,2,) FIEHFRFN A, X 1y Gram FN C, W4 T 15
X FRHiM#RN B = C-1A1C,

X 1.60 (Hermite 254 /P FRA ). ¥ T NP ZSE] V _ERLMEAS, 25 EEE v,y eV,
WA (Tx,y) = (z,Ty), WH T 4 Hermite A5 5y 1Y X HRAL .

X 1.61 (Hermite FH[4). 5 n WM A WE A= AT JFR A & Hermite 4,
EH 1.83 (Hermite Z84t5 Hermite #i[%). Hermite ZF#erEbrdfE (F A8 2 T 1A /& Hermite 5[4,
P 1.84. Hermite i FEMFFE(EER 2L, 8T R RIEHEME R RRAE ) A HIEAZ .
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EPE 1.85 (Schur EFH).
1) & AeC, WHHERRKE P (ifF PPAP =U, H U S E =M.

2) W A€ R™" HFFARHEME SR, MFFEIERHERE Q fifs QTAQ = U, Hh U A E=f%k
o

Eff. FEER 1.34 o, WATIEY TERAE AR EIT —A> L =fMFE. Schur & B i%E M
AR, B BRI RA MR R R — P AERE . Schur EFAIEH SRS E B 1.34 2
AR, RN ELY S R B FE AR IE A, v 4 R 0 R 46 Al 1 A

e 1.62 (FHSENE). i AT B ATA = AAY | i A KRR,

AR XATA = AAT BRE AR 4,5 ATRET 4,5 IR, L, ATE SRR A IR A R
FE. XFBREEFE. PYHERE. Hermite FRPERRE ERLARRE

SEP 1.86 (IF MU 410 7o i 45 4.

1) gk AeCvn, WA JIEMMFER FEEAME N A BAIT X AR, RIFEAE R P sy
PYTAP =D, H D Jxf .

2) W A e RV HETAFHE(ERSEE, W A SHIERE R B2 A IEACARILT X f AR,
FAEIERARE Q i QTAQ = D, Jrh D X ffiiks.

iEfA. SRR 1), 2) REIFHE. SEatESIE; T sk, MdE Schur EH 1.85, A PP
T L=l PTAP=U. £5iEW, A IEH < U IEH, 7= UU=0U", i
U HBERX AR . O

e 1.87.  SCRFFRHATFE IS ARL T X A R
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2 JUBBRR R IR
2.1 R

X 2.1 (FETEE). %V 2EEEF (R 5 C) _Eaygkikasal, & CEms |||V - R, 25
Xt Ve, y eV, ceF, #A:

Lo dEfidk: (o]l >0

2. IEEME: 2| =0 <= =0

3. FFUAE: (ez]] = [ef||z|]

4. AR 2 +yll < (=]l + [yl

AR - 8V _ER—ATE%
EFE. o) FoR e gHE (F=R) Zi# (F=C),

A ST, HE X 140 4T EERAE h WBUA IR mARYE_ B ER 2 B
R S, EHOFA—E R R NBE IR, R E LR EoREIn . 58 E, wl DAk
AT Y AR SE K 1.66 2 —ANYERCAT DA H AR S R A SEZE A5

ER 2.1 (B SIEER). 2 X 1.40 4R i BT ST 2 — N uEk.

IER . ARSI AETbE . IR E RIS IR, A G Mt i AR SR daEO R AR k. IEE
PERIFF M . SURSE EBE 1.65 FI = AASEZUA0T, Wk PIERS S /0 T B0 A 306 2 S 250 A 22
b Lo O

M 2.2, Va,y eV, [|lz]] = [lyll| < [z —yll.

\ 29, ol = @ = 9) +yll < e — yll + lyll. B—r . O

Bl 2.3 (EHRMERED. M 0o<A<1, f [(1=Nz+ Ayl < (1= Azl + Alyll.

\ . B AR YA Sy o ]

EHL 2.4 (ERIITRIE). A (-1 2 V ERymEmg, Wl - || PR REE, e > 0.

. BSBIE | AR 5 |

Al 2.5 (VBRI A). B - lleomp 22 R™ ERFERL, HXF 2 € (RT)™ Jysaifiimm . A, 4
S m A n AEEAEZS A VO ERGRE (|- i (6 =1, ... m), ATDAE U A EOh |

2]l = 1U(@)llcomp,  where U(z) = ([l2l|y, -, [&]lm)”

42



IER. AEGAPE. IR R MR B, FHAE =AAEK.

Iz + yll = U (2 + y)llcomp
< U@) + U®)llcomp
< NU(@)leomp + 1T ()l comp
= [l + llyll

HpE GRAN U@ +y) <U@)+U®y), H | |lcomp BTG, O

Bl 2.3, Bl Al RSt VR A R,
Lofl g+ 1 [y 2V bR
2. max{[| - I, |- lo} 2 V' Ef1aEE
3101 1102 + (I )4 & V s e s

A 2.6 (FUBIWER). & n LM EE V=VieoVed -0 V,, H| |;(@i=1,...,m) H&
HFasa v, ERTes. % || - IICOmp & R™ BRI, HXF o e (RY)™ By, WIXHEE
reV, FHEM—MRr=x+ - +a,, HP eV, EXEHLEH:

2]l = 1U(@)llcomp, where U(z) = ([1ll1,- -, |2mllm)”

NI E S E B T IR LT

X 2.2 (WHPNAR). LIEEE V ENE Q L 2 € Q = A e Q(IA[ < 1), AR Q
NI SR -

EM 2.7 (UM X)), 25 (- VO EREESE, W Q= {z | o] <1} 2V
BRI Rz, QR VO BRI, H Q SR, R PAE SR P () IR

P(x):{min{/\>0|x/)\e§2} £ #0
0 x=0

W2 P(x) KV _ERITEEL.
TNHEZ LA C B R

il 2.2 (2-7%0).

lzlle = V1212 + |22l + - - + o]

Bl 2.3 (1-7%0).
[l = |2 + |22| 4 - - + [
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Bl 2.4 (co-{E%0)-

Jolloe = x|
g=Il

Bl 2.5 (p-75%%).
|zllp = (J@1 [P + [zal? + - + |z [P)? p>1

W H

AR B0 <p<1WFHAREE, FRHAWRE=MAEFN, ERIELERNAFIRAER

minkowski distance, distance = 1, p = [0.1, 0.5, 1, 2, 3, 10]

Sy THER A4 p > 1R SRR, RS A Holder %X,

SIR 2.8, WMEEIH @ >0,8>0, #H <+ 2, Hhp>lg>1HI+1=1

TERA.

@ | B aer el e il

P q Pq ptq
(P aP)+ (B4 -+ BY)
p+q
2 p+€/Oéqupq = P\q/apqﬂpq = aﬁ

EPR 2.9 (Holder AZE). WHEE &, € C(k=1,...,n), A

n n 1/p n 1/q
Z [SYEARS (Z |§k|p> (Z |77k|q>
k=1 k=1 k=1

Hiftp>1g>1H ;+.=1
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. 4 o =&Gl/(Tio 16", 8= Iml/(They e, 73845

el ol el il
= n
S ) (S el P 6l T 43y Il

Xt i KA )
Zi:1 & |mi < 1 1 -1

<-4
(S &) (py ) o d

TR Holder ASEFHEAT PAUEM] p-JE%0H 2 = A AT .

e, W r,yeC”, ¥p>18Hf, F:

n

lz +ylh =D e+l
k=1

< laellee + uelP D lykllze + yelP
k=1 k=1

- 1/p n 1/q
s(Zw) (Z||)

k=1 k=1

n /o s p 1/q
+ (Z lym) (Z i +yk|q<p—”>

k=1

1/q
= (lz[lp + llyll») (Z |k, + yk|p>

(lllp + lyll,) llz + yl15/
(lllp + lyllp) = + i~

Iz +yllp < (lzllo + llyllp)

O

ﬁf;{ 2.3 (Q%Xjﬁ§§i7 Hiﬁ%ﬁiii)' iQ,x ::(gh"'agn)T c Fn7 ia‘aﬂ:: Uflh"'7|£nDT‘€]Rn7 NU$$
Fr R v

o AR HWE o(x) = (2]), Vo eF";
o HIHAL, FWAL 2] < |y = (@) <oly), Yo,y eFn.

B 2.10. F* _FATEEL o NIRRT B A o S BRIETEEL

EA. FEOME: v MBI, WX IR 2 € F, @y =laf, BT |z[ <[yl A |y| = |z],
FrPA v(z) < o(y) H o(y) < v(z), #v(@) =v(y), BI v HAEXHTEEL.
WEE: v NERTERL, WX TERSE v e P, Bl ke {L,...,n}, W a€[0,1], &
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MRS EX, WIHER 2 € F* RMER a1, a0 €

v([aqz, ..

R [21,. .., The1, AT, Ty, - - - Tn) T BITEEL, A
V([®1, ..., The1, 0Tk, Thg 1y -+ -y Tr) T )
11—« T —@
= 5 [T1, .y The1, =Tk Tht1s -5 Tn)  + 5 T+ ax
11—« 11—«
€= v([xl,...,Ik_l,—xk,:rk+1,...,mn]T)—|— 5 v(z) + av(x)
1-— 1-—
= 2av(x) 2av(x)+av(x):v(x)

[0,1], #FF

Sanzn]t) <wv(z)

e, Xt Va,y € F* H |lzf| < llyll, B B&E— 8, 777E o € [0, 1] il 0y 815 24 = ey,
PR -

61

v(z) = v([are sane®ya] ") = v([aalyl, - anlyall”) < o(y)

Bl v 2 BATERL

Yis- -

w3 2.4 HETEED). 2 (- [ o8 R _Erdul, HXHEEE | - - & k!

211 = sup {="2)
HEG. RHEESRIERICA ST, B o] = o],

Bl 2.6. 1, Fl 1, BOOxHEEE, Hep S+ 1 =1

X 2.5 (g

GE

o). XABRGEZSE] VAR R (2]|a, [|2]lp, EFETREL 1, e, il

cllzlls < llzlla < collzlls, VzeV™"
WFRIEL Nzlla 5 zlls Fbre
2R WHEEME IR R, RIWE ARTE. MRRTE. fedtE.

B 2,11, A7 BRAEAS ] AL R A o AR S

B TR R R EEN, BATAKFEIEIMEE — B SF 0T 2308,
2 f@) =z X V" LRE—HEEE, BTH o —y i, (o] =yl < llz -yl =0, K
EROR L R AL T2 f (o) e AURERTE_EA R T TR/ MEMER KRG -

0 < min f(z) < max f(x)

llzll2=1 — llzllz=1
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iaiﬁ%lj\ﬁyﬂ C1, Eij(ﬁyﬂ C2, ﬂ:%

X
o< annH <o = allels < llzl < callels
2

Bl -1l 5 2- T 0

S 2.6 (RIS, # {a®} B V" RyaEF], BAEE « € VT, fiifg:

lim [|z® —z|, =0
k— o0

WFRFS] {2} K o EHREE o
SER 2,12, [ RS BICEEE O T RGBS, B

lim z®

=z < lim |z2® -z =0
k—o0 k—o0

E. BT REERESE M, RFRERT LR BT,

2.2 FHMOE
e 2.7 (7 SCEFEERD). SR BE, WE 3 AR

Lo AefifE: A >0 H [[A =0 <= A=0
2. FRRYE: (KAl = [KI[All, k€ K
3. ZAAEA: A+ Bl < [|A]l +[|1B]

2.8 (FEFETER). TE) SO MR B A g nAH 2 46 1

4. Mg [|AB] < [|AllB]

. TR B ERER A EAT S, — i s A A R A

WX 2.9 (MZEED). X C™ EAEREEEL || Al A1 C™, C™ B FZEmEEEL (o)., #:
1Az, < | Allael|z]lo, VA€ C™ ", Yz e C®

TUFRFE TR (| Allar S 1R (], AR
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AR R, RO, WA R R Y 1A D e A R
RS AR Al Fe e R Y I A

Bl 2.7 (mq JE40). B A e C™, JHIER) ma JERCE ERY 1-EEUE SR

ALy =) lass|

i=1 j=1

BIFT G ICRRIERME (BL) 2. ATPAUER] mo JEBOEFRFEGEL, JF H S MR 1-7880M%

EAL ARGE. ST =AAEX S RERN 1E8Ge R, SMRGL, AFIEAEESE
BAMAEA L S & 1-Ju B Ak

FHRE
|AB||m, = Z Z ikbr;
=1 5=1 | k=1
m 1 n
<D DD lawllbi]
i=1 j=1 k=1

(3] (5

NE

>
Il

< Z"“’“') (zzw)
k=1 i=1 [F=il gj=il
= || Allm, | Bllm,

SRR A

n
E aij:vj

j=1

1Az]y =

=1

=1 j=1
( ZI%I) (Z|$J‘|)
=1 j=1 j=1
= [|Allm, (|2

O

X 2.10 (Mmoo JUBL). WA € C™ ", FEHER) moo JUELS MR TLT5 T BUE SO, HAE SR L

A AN R AR

[Allm, =n- H}%X’aiﬂ

FTPAUER moe TUBOEHIFEIER, H. 9 i o5 i Boi%y -
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TERA. MM

n
E @ixbr;

k=1

[AB]m., = n - max
i,

n
<n-max y  |ai| byl
2,3 =1

< n-max [n (max |a;|) (max |bka|)}
irj k k
= max [(n -max |a;g|)(n - max |bkj|)}
i\j k F
= (n - max |a;|)(n - max |by;)
i,k k,j

= [[Allmec [ Bllmo

R TS

[Az|oc = max
3

n
j=1
n
< max Y |a;]|z;]
K3 ]:1

< ma - (e ) (mae )|
7 J J

= n - max|a;;| - max |z;|
3 J

[l [[2]] oo

Y 2.11 (Frobenius yu4k). #% A € C™ ", HEFER F-yudi S maEm) 2-yufioe LU :

m o on 1/2
|wuﬂwm:(25ymﬂ — (tr(A" 4))""?

i=1 j=1

ATDALERH F-MBOR iba s, JFH S 2-aohisy .
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TERA. MM

- 2

Z azkbkj

k
2
( aik||bkj|>
( azk|> |ka’>
=1 =1

E5n) (B5w)

7j=1 k=1

Ms
MN

IAB|F =

s
Il
-
<.
Il
—
Il
—

3

NE
MN

A
M 1
1 i1
3 H
3

IN

= Al BIIF

SR 2- TR

) (£0)

&5 )

=i =t
= | Al%llzll3
O
SEH 2.13 (Frobenius JEEY TG AAHE). #% A e C™ ) P&ifE P e C™*", Q € C™, N
IPAllr = [|Allr = |AQ| r
FER .
|PA||% = tr (PA)7(PA)) = tr (A"PTPA) =tr (A" A) = || A|%
1AQII% = tr (AQ)(AQ)) = tr (QT AT AQ) = tr (ATAQQY) = tr (A" A) = [|A|%
A IEE R E T 458 1.33: tr(ABC) = tr(BCA).
O

R 2.14. IR F-JU8EET A & R AR, B
1/2

|Allp = (6 + - +07)
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TR AR S A AN A S ik

PRI e BRSO OB R R P-4k, B

IAllF = |ATF = | Alr = | A"]|5

SEBL 2.15. F C ERYREREERC Al AAERRTEEL (o], 6 (Al < [JA]l]z]]..

IR AEBUAREE R y € C*, AN J5 2UH i ) B A E vl

Izl = lley™|

HIoH T ER MM OE A, B AR R 1 BVERAY 3 ARk, RIS
o HUCUEIAH A -

1Azl = [|Azy™ || < Allllzy™ ]l = I Alllll,

X 2,12 (MWEE). S C™ Al Cr BRI B (o)., & A e C™ ™, & R

A
14] = max Az, = max KAZll
=1 e£0 ||zl

WA 2R, B 2], M.

iR R RKUGER AR St PO, =M. 51 & A0 2RI R M S A A A P
F

LogRfatk: 35 A#0, WFFFE zo R |ollo =1 H Azo #0, T2

[All = [|Azol, > 0

“A=0, N
|All = max ||Az|l, = max ||0fl, =0
”m”v—l ”17“11—1
2. KM
Al = s, bzl = k- max. [[Ael, = kAl
3. ZAARERX:

|4+ Bl = max [[(A+ Ball, < max |4z, + [Ball.)

|z]lo= -

< max [|Azf, + max Bz, = [|A[] +[B]|

— lzlle= llzllo=1
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4 55 lall, WA % o — 0 RAHSE: % o0, B o0 — fllall,, W

| 4zoll, < max |l Azl = |14

1Az, = [[A(ll2lls - zo)|| = [ Azoll ]l < I Allllll.

14B|| = max [[ABz]l, = [A(Bz")]. < [|A][|Bz"]l. < A}l B]

|]lo=1

Hep, o BT |ABx||, B KRR EAL ) &

Y. WA (1| =1, B—BaEEEEotA~—E, B ([lln, =n, [I|r = vn.

Bl 2.8 (1-354/F754K).  HmE 155805 % AR 4
| Alls = m?XZ |ai;|
=1

ISR TCEOR XM (BE) HOM, e IR

ERA. 0 ¢ =max; Y lag|, FATRFEIEM ||All <t H || Al >t BT,
B, wareC A |z =1, W:

dzfy =3

Zml n

< ZZ\%‘WH
i=1 j=1

= Z <|flfj| Z ’%‘|)
_Z 251 2) = ¢ llally = ¢

BT ESHMERRKERN 11 = #EGL, FIL [|AllL <t
;H\:Yj(7 &k:afgmaszyilmiﬂ, Eﬂt:z;i“aik“ Eﬁ er = (0,...,1,...,0)T’ |)—1|J

E :a,]xj

j=1

m
JAlL 2 | Aeclls = 3 lasl =t

=1

Zil, (1Al =t
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Bl 2.9 (JLg5E/ATHEER).  Hh R TG T AA S R A
[ Alloo = m?XZ ||
j=1

I SATR IR XA (BE) AOM, BEmR AT

BB G0t =max; ) |ay|, BATRFTEEY Al <t H ||Allec > ¢ BRI,
B, Wz el H [|z)oo =1, W [z;] <1, FR:

n
Az = fﬁﬁ > iz
= |
n
m
< r?jfz |ai;|z;]
j=1
m n
< i) fai| = ¢
j=1

BT EAHMERRKEN 10 = BOL, FHL [|A4]l. <t
Hwk, #1=~1,...,1)T, m:

> = ma =
| Allec = [[AL|oo rgljfZlaul ¢

g=il

gl Al =t

Bl 2.10 (2-7uX/ 1R, dimERA 2-JER0H S R A

||AH2 = mjaX\/)\j(AHA) =01

Bl A WK AT E

Y. B A T FEMERN A=USVHE, b UV #R M. W

||Afv||2 IUSVTzlls _  IZV 2],
= max —————— = Inax T HA
el w20zl w20 ||[VHz]l,

12yl v
Yli2

= max ma ylls = max E yio

20 |yl % [12yllz = max ( )

Hyll

IA]l2 =

SBARY g = (1,0,...,0)7 B EREBNHBKAE 01

I 2.16 (BEUEROEAZEYE). B A e Cmn, WA P e Cmn, Q e C ) N

[PAll2 = [|A]l2 = [AQ
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EA. T AR SR R A, RO AN AR T O

2.3 {0
EHE 217, B CV FRAERETEEC || - ||, BAERE A € CY

Al <1

I —Adefs, H:

1]
1—[|A]

1A]
1—[lA]

I —A4)7 <

17— (-4 <

BB (1), IEM] T — A JEf R IR (Al AR R AL (|2, (RIERTSCHYER], —EFF
FESHERY I ERTEE) o« R det(I — A) =0, WL = € N(I - A), A:

(I =A)zg=0 = zo=Azo = |zolls = [[Azolls < [|Aflllzollo < llzoll,

B RRE, #1— A JE27 5
(2). WIS AR

(I-AMT-A)=1 = (I-A)'=I+{I-4)7'4
= =A<+ I - A)Af
= (I = A7 < NI+ 1T = A7 HHAl

1]

= (I-4)7 <
1— [l A]l

(3). UEHEE —ANASERC:

(I-A)-IT=-A = I-(I-A)7'=-AI-A4)1
— A-AJ-A) ' =-A*1-A)"
= Al -A)'=A+ AT -A)""!
= AT - A)7 < (Al + 1ANAC - A~

1Al
1—[|A]

= AT -A4)7| <

1Al

— |[I-(I-A)7 Y =|-4A0-4)7} <
1= =47 = - AT - A7 < T

EFE.(2). (3) WIUER LK v A S AR
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X 2,13 (FMED. B A e Cvr o, HAAEUE SO
cond(A) = [|A[[[|A7"|
oMb RN BT SRR T AT WS BURARE . Bildn, BAERMETRRA Av =b, H

BB AL -
(A+6A)(x + 62) = b+ 6b

A
Av+0A -2+ A-0x+6A-dx=b+0b = A -z+ A5z~ 6b
e
bz =A""0b—AT'6A
PLHGEHO TR -

|6z = ||[A~16b — A"16A - |
< A7 60]| + [ A"6A - a
< A3 + 1A~ |5 Al
FEARAR (1Al ] > 5], T2

-1
9] _ [IA~[[]]o5]

< +I AT [oA]
] ]
|150]] 1 164]]
< JANIATH IS + IANATH =
2] 1Al

5ol . 54|
d(“”(nbn * ||A||>

WAL, WA IS B A A, b RIS A PR . AR A S PERAR K, IR AM# T
REM AR

LS S SN
I 2.14 (EAR). B A€ OV APRFLEDH A, .o A, IERARE SON -

p(A) = max |A;|
B 2.18 (WP MR EU TR A, B A € Cv o, NIRPAR R —Fh M oA
p(A) < [|A]

XL € > 0, IRAFAERFPFEELL, (f5:

[Al < p(A) +€
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EAL HIEIEMS R RN WA N A BRFILE, = AXTAHEEE, (|- [l A5 (Al A
AR RTER, W

Mllall, = Al = 14z, < lAlllzl, = Al < 4]
TR:
p(4) = max| | < [14]

RIFUEIISE AR R K A MU Jordan AR, RIFFAE P e Cv°, fiif5:

0 &

0 &

P7IAP = A+ 1 =diag(Ay,..., M) + _

0 5n71
0

Hoh 6; 2 0 8 1. MsEX AR D = diag(l,e,...,e"Y), #% S =PD, N:
ST'AS =D P 'APD =D YA+I)D=A+D'ID=A+€l

TR
1S~ A4Sy < 1Al + ellfll < p(4) + ¢

PRI, A AR T
IAllar = 1S~ AS]s

RITIE AL [|Allar < p(A) + €. O

AT FRIE R PR SRR A G R, BR BRI AR R BN AT R
P A I o

AR AR RMAT AR N
p(A) = nf[[Alla
ARG
HFE A ARG AC S

A

HIRET L |||

|Ally_~ llAll2
= p(A)

v

A
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3 KM B B AL

3.1 FHEFTH SR

X 3.1 GEMEFFIRILE). BWAHEHEFS {A® = (o))}, B&M S HIE, WK {AW} g
B T, PAPAE—L 0,5 B o) BEL R {A®) %L

R 3.1 (B4 B TIEEO ). & AW € C |- || ) SURBERE S, T

AR 50 = |[AW]| =0

AW 5 A — |A® — A =0

. AR SCEMEERA SF I E B, AT meo JERCE] . 1T
a® 5 0AbP -0 «—= max(a®,b®) = 0

FIrPA:

A® 50 = [a)] =0 = [|A]m. =max|a’| =0
]

O

EE. ARSI EIRIE m x n DGRBS, HWRIFRB M RIER s A 7 25k
L NGRS, BT

A RE EIRERNER) SORMSEA SO, (HAEENI ST 5 27— ML,
XEERT A ARSI, (AR 2 UER -5 w5 A4y rR I B S8 A A 4 X

I 3.2 (Cauchy Wesh). HREFH] (AW} WS FEESMR: WER ¢ > 0, £74E N(o),
k,1> N(e) B}, f:
||A(’“) — A(l)” <€

o || - [ AT SR

AR UEIEE R AZ R TR L, T T A RAERE 2 (a2 SE 4 Y, BTPA Cauchy 4

PERR. & AR — AL AR — || A]l.

TERA.
AP —[A| < AW — A -0 = AP - ||A]|
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PEE. B AR — A B® - B

lim (aA(k) + ﬁB(k)) =aA+ 5B

k—o0

lim A®B® — AB

k—o0

IER]. HB BRI R TR

|A®B® _ AB| = [|[A®B® — AB® 1 AB® _ AB||
< |A®B® — AB®|| + | AB® — AB||
< [|A® — Al B®| + | Al B® - B

BT [[A® — A — 0, |[B®| — |B|, |B® — B|| - 0, Aibh |[A®B® — AB| — 0, #%
AR BKE) _y AB. O

TR 3.2, AW — A MFEEAERIMEE ¢ H AWz — Az, SUEWMER v,y H vy APz — y" Az,
TH 3.3, # AR 1 A 3k Hermite 455, A4 A®) — A fFEi&E 2T ARy = o Az, V.

R 3.4 CEILHATEA R E). 2 AW JkIF % Hermite 50 BB (B AR — AG+D ok
1E5E Hermite #iF5), A2 AR HHIE,

PERG. 5 A®) - A, H A® 1A G,

lim (A®) ™ =A™

k—o0

X 3.3 (HR). WRAFLERE M >0, HIRHTE & #4:
jagy| < M

B

|A®| < M~
MIFRHREFF 5] {AR)} A .
EA 3.5, A RHEFH] {AD} —E ARSI TH.
X 3.4 (WEGERE). B A JHHEH AY — 0(k — o0), MIFR A s,
LB 3.6 (MACEEAER). A RURSUEII B4 M2 p(4) < 1.

Y. MR WA o O A BRHEERRHE R, Ao = Az, W Mo = Ahz. PRAIBGEE:

AFllll = [[A*]| < [|A" |||

BT o £0, #AF <[4 = 0(k = 00), T4 [\ <1, #& p(A) = max; |A;] < 1.
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e Ble=(1-p(A))/2, RIEE 2.18, FFFERFIME FEERUELS
IAll < p(A) +e<1

L€
1AM < A]1* < (p(4) + )" = 0 (k — o0)

MM A* — 0. O

el 3.7, A RSO FER FER AR AT A RO . (Al < 1.

IER. AR IR AR EAE A2 5 X R S E. O

M. KRN HPASERE p(A) (BFHEERS) , Mt (Al

Bl 3.1. FEXRILMRENE IR, BN 20 = Az, + f, W

Tp = Axnfl + f
= Aan72 + Af + f

=A"ro+ (A" 4+ A+ D)
= A"zg+ (I — AT — A)~'f
=A"zo+ (I —A)~'f— AT - A)7'f

LAY, WFHE e =Ae+f = o=T - A)7'f. I8 en = 2, — @ TR n KER
JEHIRZE, € = 2o — x FPIIRIRZE, IA:

€, = A€

R, 24 A RBUSERER, e, — 0, BAGERIEL

S 3.5 (MRS AR FREEESOEL Y0 ) AW (4ukd) Best®] S, Ay
91 {Sn = Xilo AB | (Hn) sk, EARRDY S.

PR AEREGR 200, AW WS B A A R AT R I o, R 300, AW e L

PEWR. MR X, e —E @ Nestny, H HAT R Wy BT 21 i o8 48
e, HHAAZE .

PRI R Do, AW I FE B AT D00, 1AW [| sk
PR AHEEGR 200, AW (Zaxd) s, 30, PAMQ W (Zaxd) s, AL

i PA®Q =P (i A(k)) Q

k=0 k=0
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YERR.  #r WA E PR IS, BAN IS A, B, WH Cauchy Fef Y07 (>0, ., AWBY)
daxiiiest, HASHE] AB.

SEBL 3.8 M A BIRGEL Yore AP WS AR p(A) < 1, HULSBUREIFS (I — A)~L

IER. BN, HTRE I+ A+ A%+ B, FRARAFITES S =T+ A+ .-+ AF g
o B T® =T+ A+ 4 AL U] AMFL =Tk — Sk 0, B A RSO M. R EH
3.6, H p(4) <1

FEOME. B p(A) < 1, H A HISUERE, AP — 0. TR SW =T+ A+ + A8 =
(I—A)"t— (I —A)~1AM! 5 (I — A) L. O

B 3.9, W A BIE—JEEGE [|All < 1, WIFSARI T+ A+ + AN 5 (I - A)~" Z iR
ZEN:

N
3 -AHN+1
IT—A) =) A* <||
-7 =2 4 <

. P B = (I — A =N AF = (I — A)'ANHL M (I — A)B = ANYL I B =
AB + ANFL M :

4]~
1 — [ Al

1Bl = [|AB + AY| < || Bl + |AI**" = |B| <

O

I 310 BRI T, ot IWKBCERS v, BT A WL p(A) < r, WAFERER
S g e AR HRHTHG # p(A) > v, WAFERIECREL.

iEY. RRERE 2.18, FPTERCMRIMEIRC (Al 6813 p(4) < A <r, FA:
> llexdfl =" lell A < D lexllAl*
k=0 k=0 k=0

A MRS, PRCZE M s, BV PR Rl s
B A WA A = p(A), @ AXFRFAE R,

Z cr(AFz) = ch()\kx) = (Z ck)\’“> %

M p(A) > r i, FRE DD, o\t kL, BHIHEMERRECREG R P O

3.2 JhFErREL
e 3.6 (HFERREL). BL—JUREL f(2) RERIT N = IRAL:

o0
f2)=) ez | <r
k=0
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WY n o7 AW p(A) <r i, FEREZE 300, e A” B, HAFRAAEFERE, CfF:

F(A) =) A*
k=0

SERL 3.11 (fRARN). 25 f(2) BRI = WIRPHLHL f(2) = g(2) X} |2] <r W57, W p(A) <r
i, f(A) = g(A).

A 312 (TILEBIIR AR, f(z,y) BEIRITH oy BRYBL f(o,y) = g(a,y), H I
AB = BA, Wl f(A,B) = g(A,B).

. NAPAZER AB = BA? [ f(2,y) = 300 X2 cis'y’, RIRTESRZHAEA GG
o

i 3.2.
. A3 AS
sm(A):A—g-FH—
A2 At
cos(d) =1 -5+ 7
A? A3
A _
e —I+A+§+§+"'

A GERE R E LR R, SRR E RBAA . BOMGECRAE . X AEEMN Jordan FRifEL.

FHERBL 0 A, BN —BRETR o), W1 o(4) = 0. FHMFELIRERNL IR
CLRNE
FO) = gN)a(N) + ()

Hrr degr(A) < degg(N). MBAREMET r(A), WA f(A) =r(A).

P AT S B AE T AT . r(N). BATEAT LM q(N), RATFEI degr(N) eRBUEBTEHE
(k AR & — 1 Birs) TR fedl, sietiRgoe IO a AR e m ) .
75“14:%%_‘7 ‘i’ﬁ g()‘) B@E%g/ﬁﬁ /\17 ey )\87 X'TEZE:&% T1y005Ts, %K/A\EJ%H

g\) =0, 1=0,....,r;i—1;i=1,...,s

PRIt -
rON) =fOWN), 1=0,...,r—1;i=1,...,s

flZ TR BRI E r(N).
X T MU /N D, ELROR AT AR BT

2 0 0
B33, A=|1 1 1|, Ket
1 -1 3
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filf: FFAEDTRE N

eN)=| -1 A=-1 =1|=A-2)?
-1 1 -3

B fA) =e* =pN)g\) +r(N), HHF r(A) =ar> +bA+c, N:

r(2) = f(2) = e da+2b+c=e? a=e2/2
T"(Q) = f’(2) = 2 — 4a + b = 2 _— = g2
PO = AP = & 2a = 2 c— 2

Hr(\) =€2/2- (A2 =21 +2),

f(A)=r(A) = ?(A2 —24+2I) = []

TR ) ), AT LA & Sylvester ffifH 2B X Newton ff{E A .
Sylvester fiffi A &%,

)" Newton AR  IEUW SO, R FEALAS Bt 2 iy A S8 AR i ()i, i)
HIiE Taylor RIF W ETE A WALHT n By SEAAHSE, 1 Newton REIF=IH L 7E 2 ML 1 %k
AHSE, FroAFRA T AE ARk R S (L AR S 2 — 45 A, BARME]T X Newton f{H.

HcHE Taylor JEIFK. HEM f(2) 78 zo WIREUEMEE] n Brefue , W:

f//(l,o)

o (@ —wo)’ et

Tf(x) = f(xo) + f'(o)(x — o) +

#5153 TFO(x0) = fO(20), 1 =0,...,n W .

N5 Newton JEIT . AHEH f(2) TEELFR 2o, 1, ..., T ALHIREE, WA Newton fHi{HAK:

Nf(z) = f(zo)
+ flzo, z1](x — x0)
+ flzo, x1, 2] (x — o) (x — 1)
+...

+ flro,z1, -y z](x — o) (x — 1) - (T — Tp1)

153 Nf(z;) = f(z), 1 =0,...,n 8L, Hir flzo, 1] FRIE—BrIY2E:
f(z1) — f(o)

f[x(])xl] ==
1 — X

flxo, x1, o] FRAE_Bib2E:
f[xlaxQ] - f[x()wrl]

T2 — To

f[l’o,ﬂb‘hl‘z] =
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f[x07x17"'7$k] *}]—(’ﬂf k Mig%z

f[xlw .. 7xk717$k] - f[m07x17" . 7xk71]
T — X

f[anxla---yxk]:

AT PME BN XA = s ok T S 22

X0 flx0)

x1_, flvr) = fxo.x1]

X2 — floz) 2 x1.x2] A x0.x1.x2]

X3_,, f(,‘\‘ 3 )>‘ f[\' 2.X3 ]i:‘ f[.\' 1-X2.X3 ] —\>\f[,\'o X1.X2.X3 ]

Xa— flxg) 2 fx3.x4] = fx2.x3 042 A ¥ X034 ] =S X0.X1%2.X3.74]

#§ Taylor fEJFsAH Newton FeIFXHEATHES™, W PATRE|S™ X Newton FEITU. MIYZERE AT LA
i, BERWRRSSEABYXRR. FL b, AP ERAPAEY]: % f(2) 1E [a,b] EAFTE n BY
'%lﬁ%’&a E——'—l_—!fllij_\:'; Lo, L1y, Tpn € [CL, b]a UUH'?T{ 5 S [(Z, b} ﬁ/f%':

(n)
f([x07$1, - ,mn]) — f ny(g)
P, FATTAT DAE SCIERH R AR B <) 30 39220 :
f([C, Cyunny C]) = f(:'(C)

2., Taylor TR AE 2] X Newton FEITAEIB{E T M EAHIFRIRIEIE . |7 g2 tnl A
e ZEFRIE, Bin:

xo —flxo)

xy—~ flxy )%}f[‘\'o-»\‘ 1]

x1— fle)— f7(x1) —»\f[\‘o X1.x1]

xy— flx, )>f ()= 7 (x0)/2! = fxoxy Xy ]

Xg— f(.\q)—\‘f[.\'l ..\'4]—\>‘f[.\'1 X1 ..\'4]>‘j[.\‘1 X1.X1.%4 ]| =] x0-x1.x1.%1.x4]

2 0 0
Bl 3.4. B A=|1 1 2|, ket
1 -1 3

fif: FFAETTAR N

A—2 0 0
oM =] -1 A=1 —2[=(-2A-5)(\+1)
—1 1 A—3

22
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5t —

5= U(5) AVG-2= (' )3
1= = (-1) AN -1-5)= (&’ —e )63 (e’ —2e* " +e )/18

i

BORBBORINE  H0
Mk A A, BIfEERar AR P, (S

At
P'AP =

UK

fn)

EF. XA RER, RS P P, R (B AL ] &

Jordan Fr¥EIBHE: FEHE-FEHRRANE LS T Jordan FrER LTI, Xk, R
PEAC AR 2 5 FniE H 5o 2 p .

B A 1 Jordan FRiEEN J, WIFFAERT AR P (E15:

A1
Ji .
PIAP =] = . . = h
Ao 1
Js
)\i m; Xm
B2 ) -
f()\z) 111 /(/\z> %fl/(/\z) (mjl_l)gf(mi_l)()‘i)
) f ) mf(mi_m()\i)
f(Ji) = :
f(N) ' ()
_ [CS R .
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TRIANE:

f(J1)
f(A):Pf(J)Pﬂ:P p-1
f(Js)

3.3 FHMMRs SR

Y 3.7 (HHEISED. 3 At) = (ai(t) € C™" BIRFAITEE aiy(t) #ORE ¢ RITTHBR%L, W A(t)
KTt B FEUE XN d
A0 =AW = (a;(),,,,,

d d d

A + B(@) = L A0 + £ B(1)

R d d d
3 AOB(1) = ZA(F) - B(t) + A(t) - 7 B(?)

it 3.13. # C(t) = A(t)B(t), W
dC=dA-B+A-dB

Heft, dA = (dA/dt) - dt, dB = (dB/dt) - dt.

Bl 8.5 (AEFERS%D).

JER. BT A®R) - AQR) T =1, WHRSAE:

CAD) AW +AD) - S (AWT) =0
e d 1 1 dA(t) 1
< (a0 =40 S 40
O
PR d d
< (a(hA) = o (DAD) +a(t) - AWM

YRR A A Bl SA() AR, f(2) 215 ¢ TERE—TCRRITRE, W

d ) d
SHA®) = £(A() - A)

65




BRIEU (FFA6) . B [(2) RIFNRIIEIER £(2) = S50 cne® ) WARIRATAE M2 P
H:
d

—Ak ZA% ftA(t)-Ak*l*i(t):kAk*l(t)-aA(t)
RS

d = Pl d o d

/A0 =3 e (4710 AW ) = £140) - AW

O

YRR GRRRHOR FEAERL). 5 A() B B() AR, f(2) 24 ¢ TR TR,

d : d
T FA®) - B®) =t (f (A1) - 3,4

00 +1r (5040 809
i 3.14. U B(t) =1, WA
Gt = o (7@ §40)

EX 3.8 (MR #HME A(t) = (ai;(t)) € C™" BN ITEE ay,(t) BT [to,t] EATEL, M

B () WTEL it t |
AA@M:(AWNmQ

mXxXn

PER. t t t
AMM+Mﬁ&:AA@M+ABmM
PE.
/t:[A B(r)dr = A- M:B(T)dT
/t:[A(T)'B]dT = [/j A(T)dT] .B
PER. t
% /t A(r)dr = A(t)

[a“”“=Am%wwa

FI SCH B 2 A A e K50 A R I A R AR, 3R R IRATIHE T AR e R ek B, RIAVAE
FER BRI, ARVERRBORRE . ER X BRI T RS, E e R
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JeF SRS REBOC R, n] DU BYEE SRR R 45 B8 R B BB, AT E e TR
i AN 1 HoRar N 0 s, HARRh R SCisE, RIF T B e e
RERARLEEY . IBAH AT RRA:

o M EFRHE:

m n
A: E E aije,»ejr

i=1 j=1

o MAFZFRD R

T
a;; = e; Ae;

o HIFEZHAHL AL R :

Vec(A) = zm: z”: aije; Q@ e; = iATei ®e; = z": e; @ Ae;
i=1 j=1

i=1 j=1

o LRI BRI 7
aij = (e; ® e;)" Vec(A)

f(X):f(é-ll)"'7§1n7£213"'a§2na"'7£m17"'a§mn)

B f(X) XA X RN

o .
6511 85171 m n
df_(af) = : : :ZZ afeief
dX 862] mxn 8f af i=1 j=1 85”
8§m1 o 8gmn

ifﬂ 3.15 (@ﬁ%ﬁ@ﬂ/ﬂﬁiﬁ\ﬂ%ﬁ)- i/& X = (é-ij)an) f(X) y‘j mn ﬁ@ﬁ
f(X) = f(gll;-"7517’”521""a£2n7"'7€m1>"'55mn)

A -

% =A < df =tr(A" - dX) =tr(4-dX")

67



TERA.

O

A AERARR R EEIRRA]: Bk df/dX, MR df BB tr(ATdX)
B, M2 A GRS, DATIrE NAEE S8 — RURIT.

PR (BEGAN). 3% f(z) 2 o REL o RAnk ¢ R o = 2(t), W

af e df

dt ~ dt dx
PR (BRI, % f(X) 2 mxn HlE X £oRIRE, T X @i t %, -

df _, (dXT df)
a

dt dXx

IR AR R

_ df \" _dx
dftr(<dX> dX>, dx = < at

df \" dx df\" dx dx7T  df
df:“((ax) dtdt>:“<<dx) a)dt:“( i)

A
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Bl 3.6 (IR £ 555

d Ty
d—tr(X A=A
d Ty
d—tr(A X)=4
d _ AT

IER. UM RAMR T, WA tr(), BE:
d(tr(XTA)) = tr(d(XTA)) = tr(dXTA) = tr(ATdX)

RPN, d(tr(XTA))/dX = A HARPHIELL. L. O

B 3.7, B X KRR, F(X) = tr(AXY), fl:

d =il =\
2 H0) = —(xax

TEB .
df(X) = tr(d(AX 1)) = tr(A-dX 1)

T XXL =1, BBy E: dX X1+ X -dX1=0, #dX'=-X"1.dX X!,
PRl I -
Adf(X) =tr (A-(~X'dX X)) = tr ((-X'AX"1)dX)

RIERAA, df(X)/dX = (-X1AX~H)T. -

Bl 3.8. &% f(z) =a2T Az, N:

% =(A+ Az
TER .
df = d(zTAz) = dzT Az + 2T Adx = 2T ATdz + 2T Adz
=2 (A" + A)dz = tr ((A+ A")2)" - dz)
WEHSER, df/de=(A+ AT)a. 0

Bl 3.9. HZWRBORFEIL:

69




F* 5.2.1 JLEbERE BB S SERE S48 ABRE R BT 3 £ 1296
EEE FX) RO df(X) BETEE 0f(X) /60X
te( X) tr{fd X) I
wr(XTX) 2tr(XTdX) 2X
tr(AX) tr(Ad X) AT
tr{ X?2) 2tr{ XdX) 2Xx7T
tr(XT AX) tr (XT(A+ AT)dX) (A+AT)X
tr{XAXT) tr{{A+ AT)XTdX) X(A+ AT)
tr(XAX) tr{(AX + XA)dX) XTAT L ATXT
tr{AX 1) —tr (XlAX~ldX) —(X~TAX )T
tr{{ X AX B) r((AXB + BX A)dX) (AXB+BXA)T
tr{XAXTB) | t((AXTB+ ATXTBT)dX) | BTXAT + BXA

Bl 3.10 (AR, BHRE X Akaise, W:

AR R

d(x7)

—5 = XIXTT

dX

d|X| = |X|tr(X'dX) = tr(| X | X 'dX)

IERR. W ey A xy AR T, RPETT0E A

|X| = Zcijxij, \V/j
i=1

BT Cij 5 Tij Jok, FrAF 6|X|/axij = Cij, TRAW:

Ho X2 X pOREREAERE, T X = XX,

dx|=>"

n

i=1 j=1

d|X]| = tr(|X|X~'dX)

Z Cijdxij = tr(X*dX)

Bl 3.11. XFAEEARFAERE X, f:

d(In | X1)
dX

_ (XT>71
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Bl 3.12. XfFAEE X e R™*",

d(In |67 + X7 X))
ax

Hrp o R A TTXHHEL.

=2X(6I+ XTX)

il 3.13. HZATHIECR T4

F5.2.2 JLMITHIRNE AN IERE S B BN R R 4 R 299

FHR F(X) WorERF df(X) BEAEsERE BF(X)/8X
x| | X tr(X~1dX) 1X|x-T
X2 2[ X% (X 1d X) 21x12x-"T
1XXxT| 21X XT(tr (XT(XXT)"1dX) X XT|(XXT)~1x
| XT x| 2 XT X tr ((XTX)~ 1 XTdX) 2| XTX|X(XTX)~1
|AX 8] |AXB|tr {B(AXB)~1AdX) JAXB|AT(BTXT AT)-187T
[XAXT| |IXTAX|tr ((XTAX) 1 XT(AT + A)dX) [ [ XTAX|[(A+ AT)X(XTAX)"T

X 3.10 (HA / Kronecker ).

anB  a;2B ainB
B B
Aep=|""T " B g cmpens
Ay B apaB Ayn B

Hri, & AeC™! BeC™!, N Ag BT = ABT.

X 3.11 (HFFeR B AR R, WA KT X = (§ij)mxn B9 mn JUREC

fzj(X) = fij(é'lla'")glnw"afmla"';gmn)a 1= 17"'17‘1 ] = 13
S S -
fll fls
F(X)=|: :
frl frs
EX F(X) HS8nT
oF oF
ar _ o el i el @ OF
dx E)F dF i=1 j=1 o 9Ei;
a57711 8f'rnn
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W AeCm™n BeCra, FRUNHMEN A5 B RHER:
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)
=

8f].l L 8f].s
agij agt] r s
oF ; . ; Ofwe 1
— . .. . frg —e€Le
i | o . kz::l ; o6 "
frl . afrs
0ij 0&;j

FEHHL, 4 FeC™t H X e C! o,

on . on
ar | %
dXT % 5 fm

851 85»@

Al Jacobian 4[4,
PRI (BE=CVEND). &% f(z) 2nE o R « )02 u IREL,

df  da"df

due  du dz

Bl 3.16 (FE AT R FHOMIEN). By = F(z) Z2RE « (EEERLE, 0

dy

d—T:A < dy = Adx
x

AT, —WRSUPI B dy/deT ATEHEESE dy/da.

Bl 3.14 (FERMI AR ). H BRI IR :

21 (t) = a1 (t) + ar2x2(t) + - - - + a1,2,(t) + b1 (2)
xh(t) = a1 (t) + agoxa(t) + - - - + a2nxn (t) + ba(t)

z (1) = an11(t) + anawa(t) + -+ + ann@n (t) + b, (1)

9

al ©00 Q1n xl(t) b1 (t)
o= 1, b)) =
Ap1 **° Qnnp zn(t) bn (1)

AT SRR TR
2'(t) = A-z(t) + b(t)

SRR 3.17. FFRMA R o/ (t) = Ax(t) HEREN

z(t) = e
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Horp e LR A SR ERIRAAIT 2(to) = 2o, MIEN:

z(t) = et 4y,

P 3.18. AEFFIRGE AR 2/ (t) = Ax(t) + b(t) FIEAR A :

Hoft 21 (t) = e e XN FF UM TRERBMR, 2o(t) RARFF U TR — e, H i fE c iy
IR E . R BCE ST RS & 20(t) = ee(t), RARIESFRMA RS :

e (t) = b(t)

HIE AT AR LS — A~ c(t), AN 31— 43R
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4 PR

4.1 HiMEW A0 R

MR =M fAdE LU 23, LDU 4. Doolittle 40fE. Crout 40fEA Cholesky 4%, HE:
ASEAER BT Rbiiiocis

e 4.1 (WISERRE).  WISEA TS nT DA ZE o) S A -

o SHFIT B owiy = (e —e5)/V2,

T
I — 2ui,jui7j

o B FTARA o INEIH AT

T
I+ aeje;

o 5§ TR o
I+ (a—1)ese]

T 4.2 HTHT). &k BRITH, # aly) #0, MIEWETHET ma = o) /o) WE5H i 47,
o i = k1, ne SOMY T A TR
Ly=1-— ( Z mikei> e{z[—lkef

i=k-+1
;H\:EP lk = (O> RIS 07 mk+1,k7 MEg42 ky--- 7mnk)T~
SEBI 4.1, 0 RN AR A B I 3 T
B 4.2, ZMbINETCE o # 0 MFELIERHEE A T ETR D 403G =1,...,k).
el 4.3, FHFE A WY EFX D #0(i=1,...,k), N

aﬁll) = Dy, a(i) = Di/Di—l

i

R 4.4 FF A RIEERFE, W—UOEICE R AR IR EE .
SERL 4.5, 35 A TR AGOL, W URIE IR SR R R AR A Y .

X 4.3 (LU ). %07 A n[RAMER—AF =Mk L Al—A E=fRH U rapl, R
A=LU, WFx A wlfE LU 7.

A iRy R AR LU MR

Ln_an_g"'LngA =U = A=LU

L*l
Hob Lo S =M, U h =A%,

w3 4.4 (LDU 73). #7050 Aoy A= LDU, Hofr L Wi T =/, U b=
AR, D XAk, WIFR A alfl LDU 7.
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EH 4.6, W AJE n T FE, M EARY A MFE T A £ 0 B, A RE—Mfy A= LDU,

Forf:
N

T A

D = diag(dy,...,d,), dg

g 4.7 n BrAEA S FE A LU M@ A = LU (RELAMERIF LT A, £ 0.
sl 4.8, i A n BraERr R, ARSI P G PA R » DY 3 7ERZ.
i 4.9 (A BEHOEFER =M m). B A2 n BrARarm o BE, WIFEERUER: P, (45

PA=LU = LDU

o LA F =Ml U S =AM, U At b =MmHEK, D hf A,
Y 4.5 (Doolittle 43#). 18 LDU 4prfil) DU Gitnleok i U Fi, 551015

A=L(DU) = LU

£ 4.6 (Crout 4Mi). it LDU 4Ry LD Si&ak M L 305, 15—

A= (LD)U = LU

W5Jiik (U Doolittle sy i) - A ILRBITEIRE L, U KI0HK:

11 Q12 - Aip 1 U1 Uiz -+ Uin
21 Q22 -+  A2pn loy 1 U2 -+ U2p
Ap1  Qp2 - Ann lnl ln2 1 Unpn
V1 3
ly w, u, u, - FUE
V>3
Lyl 1y uy wy - H2E
. e — o
AL 131 ]32 lss Hyy v #3E
P
141 142 143 144 é‘mi

X 4.7 (Cholesky ZM#). SRR IE & FE R v DA AT 7 20401 -
A=LD*L" ® A=LDL" s A=LL"

WFR A A[fE Cholesky Jpff. H s “Faonrdr, D WX AICASR T B =FFond, L 1A
TR T2
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Witk 15 Doolittle ST, BATESN VT HIW

aixz Az -+ Aip I i b - la
a21 Q22 -+ A2p lor oo log -+ oy
an1 An2 e Ann lnl ln2 e lnn lnn

Z|
an

j—1 1/2 j—1
ljj = (ajj - Zﬁk) o by = (aij - me) iy
k=1 k=1

BT EIRERN SRR A TTIs R, FEVT AL i TF R R T AR BURSS T k.

gty Cholesky A figih 5k Frifistitty Cholesky /3, Hsimt@dg A= LDL", HitHd
AW RITT7, A e B A e

11 Q12 - Aip 1 dv dilia - dilip
21 Q22 -+  d2pn loy 1 dy e dalay,
Ap1  Qp2 - Ann lnl ln2 ot 1 dn

BAT BT A5::

Jj—1 j—1
lLi; = <aij - Zlikdkljk> /dj,  di = a; — Zl?kdk
k=1 k=1

4.8 (HUEFERY LU @A LDU 7). 508 2 Brid o BOpg::

All A12
A21 A22

A A I, i

I, 0
—AnAy I,
e
A Aqp
0 Ay — A A Ap

A Agy M, FURTRAEE (FEFIAE ) F3EIRUEE R .

513 4.10 (K5 / Woodbury AX).

LA =

(A+BO) ' =A"1' - A'B(I+CA'B)'CA™!
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B, ZEHTE (A+ BC)x =b, & y=Cx, N:

A B
-C 0

T

Y

“l

UV R Rl Dlvei

()+CA~*Q) 5 A B b
0 I+CA™B CA™

I+CA™'B)'*(2) A B b
0 I (I+cA’B)'cA™

o |A 0 I-BI+CA'B)'CA™ D
0B
0 I (I+cA'B)?cA™»

At |I 0 (AT —ATBI+CcATB)CcATD
0 I (I+CA7B)"CA™D

[JEEER
z=(A"— A'B(I+CA'B)"'CA )b

X = (A+BC)"'b, f1 b BRI AL O

ik 4.11.
(A+BD™'O) ' =A"' - AT'B(D+CAT'B)'CA™!

4.2 JhFER QR 5
X 4.9 (Givens #i[F, Givens Z5Ht). % c,s € R H 2 +s2=1, Fx:

1

Tij = Tij(c7 S) =

1

S Givens Hilg, i Givens FiREHf E LN AR HFRNE Givens A8 (WISFHERE AT )

7



Eff. BB, Givens ZHME I RHERE . BARIIT , RAEH « A5 7 4ER-F-mi_ESe
Wk skfiess 6, Hr c = cosf, s = sin6.

Y. Givens #i[FE 2 IEACH M, HA:

[Tij(ca S)}71 = [Tij(c7 S)}T = Tij(cr _8)7 det(Tij(c? S)) =1

412, Fa=(&,...,6)T #0, WEAEARRA Givens FEFEHIRFR, iC/E T, {15 To = |z|e;.

JERR (M) . #3E Givens 5EFE Tio(c, s):

&1 )

oy Ny

T12x: (\/£%+€%707537"'7§n

X Tiox ¥ Givens #E[E Tis(c, s):

VE+E _ &3

V& +E+8 VEE+ &+ 63

T13(T12$) = <\/ 5% + ég + £§7070a£47 s 7£n>

kgL N £, BExt Tin---Thox Fyi& Givens il T1n(07 s):

o V8 G &n
V&8 ,+8 VE+--8  +82

T
Tin(Tip—y - Thax) = <\/§%+7,2L, 0,... ,O)

ST =T1,Tipn1- Tz, W Tx=|z|e. O

CcC =

-
T

N—

il

UK

AR EULBEAE: KOS 2,3,. .., n 4ERER) O HlTW],

iR 4.13. (LHIETS A& « € R™ RIS A& 2 € R™, MAFFEARRAS Givens TR, iC
ET, 15 Tx = |z|z.

Pk Givens 28 0K,
E X 4.10 (Householder 4[4, Householder Z84f). & u € R™ JZBANH &, FR:
H=1-2uu"

>4 Householder %fif4. f1 Householder %0 [ & 1Y £k M 2S e MR /E Householder ZA5J (4] 45 [z 4%
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).

Eff. B8, Householder ZZMW/E S . BAAINE, XA w A T i

Bt

M. Householder HiFEXTHR. 132, Xfé&. Hii, HATHAhH —1:

H'=H, H'H=1I, H*=1, H'=H, det(H)=-1

W 4.14. ALHAERS ) ¢ € R™ LA HE 2 € R™, NfEFE Householder i H, fififs

Hzx = |x|z.

B (MiEtk) . 37 o = |z|z, BOAGIE u @ w Lo, W H, =1 - 2uu’:

Hyax=I- 2wz =z —2uu'z =2 = |z|2

BN, oA Jolz, Bu= 2102 gy
2 Jal2
ton [ p@=lol)(w = al2)”
& — [a]2]
2(x — |z|2)Tz
=TT TR @R

=z — (¢ - |z|z) = ||z

]
AR EWERAR: HRF o A o2 Z[EDSFRFE, B w ST R AL e R R AT
EH 4.15. Givens 28 n] 5VEW 4 Householder ZR4ft I FH
AR BAITRYL, — KRR AT DAS R IR BB ERATE -
IER. B
u=(0,...,0,sin(6/4),0,...,0,cos(6/4),0,...,0)"
v=(0,...,0,sin(30/4),0,...,0,cos(30/4),0,...,0)"
7£%. Householder #ilEi AREH A T4 Givens HEMRAER, HH det(H) = —1 1

det(G) = 1.

X 411 (QR ). #7958/ MM A BEONIE S/ AR @ SR S E=MAEkE R AR,

Bl A=QR, WK AWk QR 7.
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EHl 4.16 (ARArF T FER QR 20#). 4 n RAER AR A, QR MAERR AR Z— W A InRm
YA/ B AET 1 X FAERESL, I fiE—.

JE (EHREW) . K A=Q1R = QyRy, M P=QTQ, = RoRy'. {EF PTP =1, fitbA
PT =P~ ' 1T P 2 =A%, A P~ 2 E=MEK, PT 2 F=MEMK, &M%,
I HBE RN ke, X P? =1, FrbAxtfocHaER £1. 84 Q1 = Q2P, Ry = PR,. [

SERL 4.17 (FIFIEFER QR M) W moxon S/ A, o SIZHETER (B A S19RK) |
W AFGEA=QR, Hh Q72 mxn /&AM, HQ"Q =1 (I Q RIER/PHFEN—
4r), R2S%/EARAr R E=mRE, HEREME— DX AICRAXHE /BT 1 XA,
o fRME—

WEJE (JET Gram-Schmidt [ERAERE): % A = (a, ..., a,) FEE R, XHAS I Gram-
Schmidt 1FEAZ L

b1:a1 a1:b1
by = as — ka1bs . az = by + ka1by
bn:an_kn,n—lbn—l_"'_knlbl an:bn+kn,n—1bn—l+"'+knlbl
SF (i
1 ko - km
1 ek
A=BK = (a1,a2,...,6,) = (b1,ba,...,b,) )
1
b1 1 kay - ki
N o[ b b ] Lo e
a1,a2,...,0y) = |b1|7|b2|’|bn| . .
@ |0, 1
R
= A=0QR

2%, HTF Gram-Schmidt IEAZLIFER QR 4 THE T ¥EAE S BB 5 H IBUE AR E
FTHEH T CHHET Givens 48#o Householder ARy h A5 .

Wik (JET Givens i) (B n BrocdEar b A #nT A 22185k Givens HI4F e A
A =

L. BT det(A) #0, HIL A WE—F) (a11,a01,...,an1)" # 0, WRIGHICHER, FHEHRA
Givens HFER TR Ty, (Hif5

Ti(a1,ag, - - 7an1)T = ’(a117a217 . ~7an1)T| €1
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1 T1 fERAE A L5

T
2. T det(AM) 20, Bt A w5 (aff,afy, . al)) #0, FRIFEHRA Givens
TR To, 7%
T
T2 (a’é12)7 aZ(S12)7 v 7a£32)) =

T
(G’SQ)’ a§12)7 v 7a£112)) "€

15 T fEMI4E A L |
(2) 2 .. (2)
Aoy | Qo3 Qop,

3. A PP, HES 0 -1 4

(n—1) (n—1)
T 1A(n72) — lan—l,n—l a‘n—l,n}

0 ali
4. g, @
In—2 O .[2 O .[1 O
= 1
O Tn—l O T3 O T2
Iy
(1 1 1 1) T
ag1) a§2) ag,r)L—1 agn)
2 2 2
agy - b af)
TA = : :
n—1 n—1
a’il—l,r)L—l 2—1,21
i apm V]

B A=QR, Jih Q=T""=T7, Ry LifLlRaI—IIE L= A,

. RS R TH G S R L2 .

Wik (34T Householder Z8#t): (LA n Mr<edE&r A M A # 0T PAIE AL 25 1% Householder
W45 RS AL N = MR

L. 1T det(A) # 0, HIL A W3] (a11,a01,...,a,)" # 0, RIGHSCHER, HFAE—D
Householder %/ H,, {§if5

Hl(au,a21,...,an1)T = |(a11,a21, -~-7an1)T} T €1
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¥ Hy fEHE A B15

1 1 1
afy 1oy o af)

2. T det(AW) #£ 0, FH AV EE—5) (a22 ald), ,af}%)T # 0, TR21EA4E—1> Householder
M Hy, (15

.el

T T
1 1 1 1 1
H2 ((122,({%2),...,0,22)) = ((Ié;ﬂlé;,...,a;;)

I Hy fEIAE A BA5

3. HA PR, HES 0 -1 2

a(nfl) (n 1)
Hn_lA(n—Q) _ n—1l,n—1 Q. 1,n

0 at
4. w5, 2
In 2 O IQ O I]_ O
_ Hl
O H,, O H3| |O H,
:

afy afy - el df)

asy o al) ., df)

HA = : :
n—1 n—1
anglﬂ)zfl aSL 17)L

(n— 1)

a”n/ﬂ

Bl A=QR, Hp Q=H'=H", RZmHRIIB—K E=AM%.
X 4.12 (Hessenberg Hi[F). FRUKHAL AT 4 Z A Hessenberg 4 .

ai; a2 a1z - a1n—1 A1n
Q21 Q22 G23 -~ *° a2 n—1 Q2n
0 aszx aszz --- az n—1 A3n

An—-1,n—1 Qn—1n

an,nfl Ann

EPE 4.18. AEAn]SE J5 FAEER AT DA i %ﬂ#ﬁmi@ﬁ?ﬁ%ﬁﬁd‘ﬁflﬂ: Hessenberg i[5, Bfl: &% A € R™™,
WIFEAEABRAS Givens JEEZ R Q, #i15 QAQT =
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. LA A, % BO = (an,...,an2)T # 0, WIFFERRA Givens HFEZ B Ty, fHif5
Toﬂ(o |5 |€1 = a21)€1

T, T,

|
|
!
\ AWM
!
|

# B0 =0, % 2;
2. % AW, # Y = (afy,....al)T # 0, WFFLEGRA Givens HiMFZ A Tn, 1%
Tl/B(l) = |/3(1)|61 = a,j(<}2)61

[ g a%) agl) agl)
ot T
T Az |
! A0 |1 —| o,
T1 T1 . |
: | A(Q)
|
#BM =0, ¥ 3;
3. REPIT AR, BRI n—2 BLEH,
4. Fa, &
Q- I, . I, 1
Th_3 T, Ty
n QAQ™T = F

O

FERN 4.19. (FTS6 7 MRS AT DAL 4) 46 S AS S E AE A DT Hossenberg HiFe. HI: A € R™7,
MAEAEATBRAS Householder HifE2 1 Q, i3 QAQT = F

IER. RUER 4.18 HIEH. B

& 4.20.  ATAIORBRERFEHAR AT DA A 40) 26 e AL e i) S SO A R IR SE AL T SR =X £
TR

LR, FERE 4.18 AIH1, FFAEABRAS Givens HEZF Q, iff QAQT =F. T2, 4 A 2
SEXFRRA R, A
AT = A = F = QAQT = QATQT = FT

Rt F g “SERpR =Xt AR O
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4.3 HiFEIH P R

X 4.13 (WFAE). W AeCrer, HAHERE F e Cm fil G e C, fliff A= FG, Mk
A VRN 24 A BIBRREA TIRRRI, A WO AR R B LA BRAET Lo

EP 4.21. ¥ A C A IR RATAE .

EH (Migtt) - WA= (0, .., 0,), BOSIEER—MRAREETEXA {an, ... a0}, W
A WIBSIE ] AR R A TE R L, B

a; = §1iQ51 + g2iQi2 + -+ + Griir, Vi=1,....n

BEH R
| | | 911 12 - Jin
g21 g22 - Gon
A=FG= |lag ai ... G .1 . 5
| |
9r1 Gr2 - 9rn
EFERAIE T A BTERE- O

2. WEAMRIERME—, fifn, & A= FG, D e C*", Il A= FDD™'G = (FD)(D™'G)
o B WS R

SR EATE i ORI AIRE A ARSI A A Ty SR TRk AR
HXAIT ST IEARRRI 1o A B AR AT ik lg

WS (RITRRRIE) : & A € C™ 14T W G A VAT I ARG T -
A B e PA=B «— A=P'B

¥ B 5 P~ HENR PN

A:P_IB:[FerSmX(mr)}‘[ 77777 :|‘:FG
W Uit gt Fogid P i - H1, G OgiE B R 47,

SR, XATTIEHREORM P~ RN RARACSE, IR R HEIA.
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X 4.14 (Hermite ARifEfE). JEAN N URREERRY Hermite ARifEfE (AT HRMHIFIHIE ) -

01 x x 0 x x
00 0 0 1 x x
00 0 0 0 0 O

P 4.22. (ERAETHEE A € C AR n LB RIS T28 Hefk g Hermite AnifEfE B, H. B HJHI
r ATERIETC R .

X 4.15 FEAE). P = (ej,ej,. .- e5,), HH ji,.o dn 22 1, on B—PHB. AP 11E
Heds A JEAT5) Bk

W55k (4t Hermite brUENE): HRIEDA_ LRSI, FeA TR DA e w1 S5 7A8 et A fbAE Hermite
FRAETE B: )
AN B & PA=B « A=P'B

HZHAFRKZ, BT B 3ifee Hermite FpEIE, NIMAAAE—NEHIRE Py, (0155 B4 5 DA
YA B

I, 1 By
Bp, = |- i P2
OjO
.[Jtt: l
l IT‘B |
AP1:P*13P1:[FwS} Rt :[FwFBu}
| OIO |

WYL, RN TR F RA1EE P~ (X RIERATLI F e A R8I Eg S rE
F I HEET R P RATA L E B, WSS B PRSI GIFE, B2 48t A orb)pi
5 F Hief,

1 0 1 1
e 21 2 1
Bl 4.1, % A= . KA PR
2 0 2 2
4 2 4 2
fit: K+ A fbAE Hermite pRUETE :
1 01 1
000 O
0 00
W2 G hiig B HIHTHAT:
1 01 1
G:
01 0 -1
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N B EISA R T BRI, B AU A BRTISR L F':

e R R
N O = O

RXFERUSE] TR A= FG.

B2 4.2 Fih QR i (X 411, EH 416, EHE 4.17) xR B RA FEHE Y,
A

o 7 AZARARITRE, WINIOMEN IR/ PR Q SARAr S B AR R R, HAERR A
Ze— R TCR I ENE /BT 1 R RAERESL, 2 ffE—.

o H ARV, WA Q@ SdkarR E=MAE R R, K QTQ =1 (Ei#51
IEA), HAEBRZAMZE—ADRAICRARME/ BT 1 Bx s, o iE—,

HAINR A ARFIFRRRINE, AP LT FATKIE AT AGREF Q K FMIEAE, HE R Afg b=
AR .

L 4.23. BEAFE A e Cxn I AR
A=QR

HprQeCrm*r HQHEQ =1, ReC™" HATEMT .

IR X A ST R R
A=FG

Hip FFeC™r, GeCr™, 3 F {E QR 5H:
F=QR:
Hip Qe C HQ7Q =1, Ry e C Jdkarn E=fMik. Hit,
A=Q(RG) =QR

Hip R = RiG € CP" AATERIETRAIAFE O

4.4 PR S R
TP 4.24. WHFEE A e C™*, AHA & Hermite 2 1F 4.

JER. AT A 2 Hermite Fi[E R AR, FUERHIE EE:

c? A" Az = (Ax)" (Az) = ||Az|®> >0, Vz#0
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ERL 4.25. FWRFRM Ar =0 5 AT Az = 0 [FfR.

PERA. ¥ Az =0, NER AP Az =0; H—hH,

AP Az =0 = 27 A7 Az =0 = ||Az||=0 = Az =0

R 4.26. & A€ C™*", A rank(A) = rank(A" A).

IERA. MREER 4.25, A 5 AMA WBEEAME, F4EEEEE dim N(A) = dim N(A7A),
B n — rank(A) = n — rank(A7 A), #§ rank(A4) = rank(A7 A). O

‘J}‘E’IE 4.27. A= Omxn < AHA - Omxn

‘ E. = BAR; —: RYEEM 4.26, rank(A) = rank(A7TA) =0, FrPh A= 0. O ’

TERE TRy, FATEN A Hermite FFEAIE R, SRIGHREHY RN —BEIERT 5707 PR P XA 23
f, f e BT R B — RO PR Y 2 S (B0 A

EH 4.28 (Hermite Hi[ERGIE ). & A & Hermite 5[4, U = (u1,...,u,) K A BIFFIER
EABRMPRERE, A, A S A BYRHE(E, D

A1
Ao
URAU = A =
An
B EVER MR R -
)\1 U{{
)\ UH n
A= UAUH = [ul Uy e un] c =3 il
‘- : i=1
An | |ul

X AEAT T, AR AT IR AEURE T P R R AR fe S F B, IR AT G 2 A P R AN
USRS /P

EA 4.29 (ARArT R E XS A E). B A N n BraARRRRAEEE, WIFEAE n BYESAERE U A0V, (l
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=N
dm

01
o
UMAV =% = : . 0i>0
On
o E A
(o] U{{
[P vl n
A=UxVH = [ul Uy - un} _ i :ZUiuile
T : i=1
on| [vH
. T AT A 2R Hermite 21E i/, RIHAT 1M
o
o3
AFA=VZVH =V v
o

Hrp o B AMA WHHIEE. 9 U =AVS™,
URU = 27 'VHEAR AV = 7 VH 22V Yyye—t =1

it U W2 s, - H.:
ULV = AVSISVHE = A

O

P SR S5k RO R T IS Tk, B AT A WXL, SRRV RIS,
4 U =AVE~t {iv],

ERF. B ARUE C BRI

A=UxXVH «— AV =UX

ISP A T A ESE UV PRI 2.

ER 4.30 (—BUEFRR AT SENR). B A € I, WIIFHE m B BRERE U Rl By BAERE V fEAS:

_0'1 0]
02
UfAV =% = , 0,>0

o,
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GRS

01 O_ Q)H
1
02
sy . vy
A=UXV" = Uy Uz - Um . .
oy ol
ke 0

iEf. BT A¥ A )2 Hermite 2E1E @M, KL HIE RN -

2 0
O O

AHszl v

W V=WVi|Ve), Hh Vi 2V Iyair 51, Vo BV WG n—r3l, TR:

2 0

ATAV =V |77 o} = (A7AV, | AT AV,) = (22| O)

HLHp:
o AHAV; = V32 = VHAHAY, =52 — (AW HHE(AV S ) =1

« AHAV, =0 = VHAHAV, =0 = (AV,)H(AV) =0 = AV, =0
LU =AVE e O™, BREWAE U'UL = 1. ¥ Uy BB 720 C™ RARIEIE 32 -

U=| i1, ]
i i/
UHAV—UH[AleVQ]—lgi [Ulzrfo]: gigﬁ g - i’“ g
2 2 T

O

S o R VS 1 TR R T A RE Tk, RISESR AR AT A RRRAE ) R VO RIRHIEE
X2, WA Ur = AVECY, SRIEH AN FE R bR IEAC B U, 25840 — AT vl A SR i
AAT BFHER R U MRFEE 37, FRAHE Vi = AU, SRIERHSY SO ARMEIESC A AL V.
— AT AR AT A R AAT BRSNS S e s R —Fh O s

EE. ARE ATA REHER AN V, FRHEE AAT BREm RN U

EME. R A AE C B C™ By hmi
A=UXVHE — AV =UZ

A S (E AR T A {628 UV PRl .
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SEAR. SVD TR :

B 4.31 (Fk b mefli@in). # A=USVT, X Ay H:

k
A, = E aiuivlﬂ, k<r
i=1

i
min ||A = By = |A = Ag[1 = o1
rank(B)=k
: 2 2 2 2
ranll;r(llBr)l:]g ||A - BHF = ||A - AkHF = Okt +---0;

R 4.32. ¥ A=UXVH  J:

N(A) = span{v, 1, Vr12,. .., 05}
R(A) = span{uy, ug, ..., u,}

ER. %
s, o] [v#
_ H __ v 1 _ H
A=Usvi = v, Uy o of |yx| =0V
FSRIL:

U, Vr=0 < Vfz=0

(1).
N(A) ={z | Az = 0} = {z | U;ZVFz = 0}
= {z | 'z =0} = N(V{") = R* (W)
= R(V3) = span{v,41,...,0,}
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(2).

R(A) ={yly= Az} ={y |y =U1(ZV"2)} C {y | y = Urz} = R(U1)
R(U) ={yly=Uiz} = {y |y = AiZ{"2)} C {y | y = Az} = R(A)
= R(A) = R(Uy) = span{uy, ug, ..., u,}

O

EBI 4.33 (IEHVEFERAr B i) 58 A RIERUERE (B A" A = AAT), W A FEARL T A
W, RUFEAEPYRERE U 675

A1

0

Hor A g A BORHIE(E (FERTREN ) o AR AW AR 3 37 S {E MR AT T

2 1 M/

A A/ Al

P VH
L 4.16 (IESARK). BHHE Amxns Bmxn, FAFTERHIE Unsom, Vaxn 13 UTAV = B, 1l
Fx A5 B IEAZHIK.
PR IESAHRR— S0 AR, B B e R ARIEFIL .

W 4.34. # A5 B IEXHHL, W oa =o05.

i, B=UfAV = BIB = VEAHUUHAV = VEARAV = Agup = My —

o = 04. O
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5 FFAEMELRAL v

5.1 FFAEMRRG

FEFERRFAE (A PE_EANSEER Y i+ A, (BRI EATH B R e, JUH
HFER SR LR R, SRR R R (R AT A R, DRIBE, AR I R AR
AT AFRFAE A FE Rl AR SO S AR Ry VARREME RO T S B2 B, DA FARRY
vt

B 5.1 (FRAEGEI LR, & A e R, 4

1
M= max =l|a,s — agl
1<r,s<n 2

A FON A BEHFAEE, WA BRERS Tm(N) AR

— ATy, .
|IHKA)|§ ”A ‘42”1 Vﬁi

ERF. B AT NS BT DATR S oA S0 PR R S SRR R A -
1 1
A= 5(A+AT) + i(Af AT)

FRATHNTE SE XA M A R AL (B — s 2 LB, M0 S SO AR R AR AL — 2 2 0 SRS, I,
AT PATA A T A R 23 23 il Bk ke T AL ARG SE AN R, X A AATRIE M =

max 1|ays — Qs
1<r,s<n

TERA. BT O

X 5.1 (Fraf i), & AeCmr, 4

R(A)= Y lawl, r=1,....n

s=1,s#r
2 lar| > Re(A), Vr=1,...n, WFRHEFE A ST A5
R 5.2, ARG R —E R

IR RS A RALE, WHBLPERE %, BIFFAEAN S AT ki, K (AT Kran +- - -+ hnan =
0. & kr RHEPERKEKRH, FEE r P05

n

ks

s=1,s#r
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n

k
ol < 3 :I;:yws S fanl
s

s=1,s#r

5 ARG E, B aL. O

el 5.3 (xS ULFER AT A RS, 5 A e O Hagdrri bk, 4

n n
Mr:|arr|+ Z |ars|7 mr:|arr|* z |ars|7 T:17"'7n
s=r+1 s=r+1

UK
0< [[mr <ldet Al =[] A ()] <[] M-
r=1 r=1

r=1

ﬂ:zl Ars = 0 (S > T) Hd‘%%‘}ﬁjo

IERR. X A 4pe:

¢ %12 _v: _Gn
A=| ™
. : A1
Qny :
= (6, ..,&)" Hifig:
a21 &2
+A1 == O
an1 gn

WA & = max{|&l, ..., [6al} < 1, WEPATTZS LA UERHATIS A b PR B — R Ty 0 K38
. T2, PR, f:

,,,,,,,,,,,,,

1 0 |
det(A) =det [ A = det \ = |b11| - det(A4;)
z I, 0 Ay
|
|

Hrp .
b1 = an + stfsa €] < 1
s=2
R my < |byi| < My SRIGIEEVAHGT Ay SSRRIHESEIAT . ]

M 5.4 (Hadamard AZE=). & A e Cn ) NIA:

n n 1/2
<Z |ars |2> ‘|
s=1 \r=1

|det(A)] = [T IA-(4)] <

93



2 (EUARRE). T Z AR BN S5 TR B R ST (R B

. A a0, SMETER, WIBARGL; BN, #47 Gram-Schmidt IEAZfbidHE, GIEMH
P

1 k21 knl

1 an
(al,ag,...,an):(bl,bg,...,bn) .
1

G Nlaill* = llb:*, T2

| det(A)* = | det(B)|* = det(B"B) = [[bo]|* - [ba* < llax]|*- - - | an?

SEBL 5.5 (Schur ASE, FRIEEMU T IT RIS, B A € CV IRFEEDA Aty .o A, T

ZM | < ZZIavalz 1A%

r=1 s=1

1ERA. AR Schur EBH 1.85, FATEVGHIME U (i1 A =UTUY, K T E=f%K, X
JLRN A WRHMIEE, H:

n n

Z Ao |* = Z ltek]? < z": Zn: |trs|? = tr(THT) = tr(A” A)

r=1 k=1 r=1 s=1

X 5.2 (FT5/RIED. % A Cm™ ", 055 i MTae/RIEHR:
Si:{Z||Z*CLZ‘7;|§Ri,Z€(C}
;H\:EP R R (A) Z];ﬁz |a1]‘

el 5.6 (REER 1), A WPTAFFLEAER n AR BIIFEZ A, Bl

/\GS:OSi:O{z\|z—aii|§R¢,z€(C}

i=1 i=1

B W Az = Az, HiEpREA:

n
E @i = ALy = (A — ai)®; E ai;T;
=1

J#i
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B2 N o BRI, W o, £0, FRI =t SPGB 2 HHUEE-
A —aul =3 Jagl || <Y lay| = Ri(4)
4t Tl Ga
I A € S, TRATEAEME A € U, S O

A FISER 1 U, FREE A JE TR R R R A AR R 2 R

P 5.7 (B ER 2). B A B n AFRIAA kE AEAEEF S5 HAR n— kAR, W
XA IR b ANMFFAL(E.

ifR. % A=D+ B, H D SRR, % A(t) =D +tB, MYt =08, FESERE
A2, WEUREHMEME: %4 ¢ M 0 2] 1 HEAR kI, /RBIBORBR, TRHFE (At 2 84
R, FTPA t = 1 BPRPAE(E S REAE L8 Xk Y, A AT e KRB R 23 1 o — A X3 . A
XA BT DAAIEE , 4P SR BEAR IR, HARME(E i 2 215 Y] st .

g 5.8. #F n Ak A B n ARRBEIMEAMA (B2 IGLR), WA LT AERE
MR 5.9. ¥ n ProcdifE A B n DFRIETPT AR, W A BRFE(E 40 524

E. T A NSO, SR SR B B DERFESE A b i A BSREFL(E, W 52 K
TR AR BRI FRAE, 5 HAE R AR . TR RE W EAMR, H—
SR R BEA —RHIE(E, BTPA A BRFIEE R AEE 2 4L O

X 5.3 (BRI, B AeCmxn, 04 § A5 /KE N
Gy ={z|lz—ay| <R}, z€C})

Hrb R = Rj(A) = >0, lag]-

fEig 5.10. FZE/REIA ST KBS B ER . 456 F M, A WA RHEEAAE LR
i X Jel
r=(Us)(Ue)
i=1 j=1

P 5,11, R FER S /R B I RO L 2RI

. T B = PTUAP (9% i 15 J SICEN aupi/p;, FIAMT B:

Ri=>

J#i

'
©j D

MR KA ai - pi/pi = ais. -
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EME. XA EHERT AR TR ERHMEE: B P = diag(p1,...,pn), pi > 0, FHEEG/NPAE, W)
FExt Y TC R BEEAF R L, R FRUASR A 0 55 2R [ sk R PR BT T .

R 5.12. % A CH n BYiESUEERE, )
p(A) = [|All2 = /Aana

Hot Mg a4 Ry AT A B ERORFAE(E

B, B A BIFRHMEEHR A, A, FEFERSHERE U (15
U AU = diag(\, ..., An)

TR:

URARU = diag(M1, ..., An)

PRt -
UH AT AU = diag(|\ [, . ., |Aa]?)

i1 AH A E‘Jfﬁﬁrﬁﬁj\] |)\1|2, cee |)\n|27 18 Aamag = maxj<;<n |)\i|27 g

I All2 = VAara = max [\i| = p(A)

1<i<n

O

AR T EENARAERE . SERONPRERE . B, WA, Hermite Hif% . Sz Hermite 4E
B, XA R IR AR, BrPABNIERA TR p(A) = [|Alle.

AR R, MW RN AT AR, R R A R E S T RME (R BR A0 (AT
PA——3 )

5.2 )7 SUFFAEAE )&

5.4 ()7 FFIEE). ¥ A, B o n Bidi B, SRR A, (RO Az = ABx f7AEAEEE, U
RN ARMT B ) SRHEE, « 0 A MIXNT B WET) SCRAEE A AFFAE &

JSURHAERR R i (AB — Az = 0 <= det(\B — A) = 0 BIW[. VX EAEE L i
det(AB — A) A—E n r 2o, MA—EH n M.

UL FX%IE A, B J ik Hermite FEFEMITEIE .
w3 5.5 (% B ARfEIEAAL). HAER (21, .. 2,) WAL

(LL’Z‘, BCE]) = 5@‘

PRzl B R4 B AREESALH &
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e 5.6 (7 XFHEH MR 1). BT B IEE, B, e
Ax = A\Bx = B 'Azx = \zx

FAL R TARERMEE . (H— RIS B~ A ANF& Hermite A4,

EX 5.7 () USRS FA 2). 1T B 2y Hermite 5[4 , P 777E Cholesky 20, B = GG |
Hrp G Rk, T2
Az = ABr — Az = \GGz

L y=Gz, N
GAGT)ly =Ny

FEACH TR ERAE(E A, H G A(GT) ™! 38K /2 Hermite ZHPE, R SCRAE(E A S5, B8

GAG™) 'y = s

yi'y; = i
Ry EH x, W:
yity; = (Ga) " (GMaj) = 2! GG a; = af Br; = 4
B (21, ..., 2,) #% B FpMEIERZ .

5.3 RBRHPA AL A AR P

FATE SCTHE SR R RS Rayleigh F. AT HICSext BRI A BRFAEEIE /DR
I A< X <o SN M BRHEIESERHIE I 8RN p1ape, - -, D

EME. B Rayleigh By CHESSR PRI BN T PRIERHME(E— 2 528, XA T PALLER

X 5.8 (Rayleigh 7). & A & n Bracxf#iiilE, e R, & G A /) Rayleigh TR

T Az

R(z) =

, ©#0

Ty
SR 513, B A KSIRHERAERE, -

min R(z) = Ay, max R(z) =\,

PEA 1 AEH x # 0, ARAREIERRFHE R R R DR « = cipr + -+ + copn, W

T 2 2 T 2 2
vrx=ci+--+c, vAr=ciM+ -+
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e ,
G
R(ZU) = k]_)\]_ —+ -+ knAn, where kl = m

iEM 2 (WAE) . BUEL In R(z) = In(a” Az) — In(aTa), RGIF4HE:

1 2A 2
dln R(z) = i C ) =— Az = R(z)x

dz 2TAz  2Tx
IR AL R(x) S A WIFRHIEE, « A ARHMEm . TR/ ME S/ MHEE A\, &K
E A E KA A O

BB 3 (A48 A RT k) . SRR AT SN R AR AT AR A A -

min 27 Az, max 27 Ax
zTz=1 T =1

FIADIAE R H %L
L(z,\) = 2T Az — Xa"x

KEHONE

8L(;;j)\> =2Ar —2Xx=0 = Az =X\r
XEWEWRMER = A BFHER &, N @ XN ARHAEE o AR A IE A2 2T Az = AaTe = A,
P, TR EER/MERE A BB/ MHEE A, RRERR A RIBRREHEE A O

. BT o BRAPE R(x), Brod Ldemb s

min zTAz = );, max 2TAz =)\,
llz]|2=1 llz]l2=1

UL DL R AR AT RE B

sEH 5.14 (Rayleigh RIHFAYREY BNRIE). & A NWFRMRE, WWTLEN L <r<nf:

min  tr(XTAX) =\ +---+ A,
XTX=I,

GEE. XA R A = PAPT | Hib P RTEAHRE, A = diag(\,...,\). it B = PTX,
O B A R, TSRAE

min tr(BTAB) =X\ + -+ + ),
BTB=I,

tr(BYAB) = tr(ABBT) = \B1y + - - 4+ A\ Bun,
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FRPAIE @ — KT Biy, .oy Bun WEMELHR I RYLPERIRT, S/ ME L IATE 2 PR X I ) T 4k
EU%'% i?ﬁﬁ&m;ﬁ&iﬁ% Bll == Brr - 17 Br+1,7‘+1 == Bnn = 07 Jﬂﬁﬂj‘mﬂﬁ%d\
B A+ + A O

P 5.15. W x € L(pryprats---5ps), 1L <1 <s<n, J:

min R(x) = A, IE;S{R(Q?) = As

TEBA. RS T E BRI 2L O

EE. XAEPREI Rayleigh T 7ERFIE ) & 5K B 25 [8] HF AR AL SE X 1 fi K f /MR AE
fl. (HORAESEBR Y A, FRAE M K s+ 25 A G 48, FrPARTE ) Courant-Fischer &
PR RG2S (B 4EECH £, FXTETR k425 [0 sRARE.

P 5.16 (Courant-Fischer). % Vi, Fn R™ T E—A k 4817230, N):

A =min max R(x)
Vi z€Vy,x#0

S5

A\, =min  max z! Az
Vi z€Vi,|z|l2=1

max R(z) = A\
z#0

AT T R BHENXE A Vi, maxR(e) 2 A M R 9 n— k+ 1 T2 Wi =

L(pk,Drs1y--->0n), WHE— Vi, 5 W, ERZE. BAERRE v € Vi N Wy, & © = cpr +

"'+Cnpn7 JI_UJ % 5
ck)\k;—-'-—kcn)\n > A
ck_i_...c%

R(z) =

iR 5.17. FF A BHN —A, RE IR

An—k+1 = max min R(x
nokt Vi 2€Vi,a#£0 ()

SR 5.18. WSFHIE A A+ Q MRS HIH M < - < Ao Bl < -+ < pra, W

A — il < Q|2
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1£84. F|H Courant-Fischer 5EH,
pit Qe = min_max o7 (A + Q) + [ QllI
Vi zeVi,||z]l2=1

=min max z7(A+Q+|Q|.Dz

Vi zeVy,||z|l2=1

>min  max 2! Az
Vi $€‘/'£,HZEH2:1

:)\i

AERAN Q+1QllI HIEEHFE, 75— I7 Al AT BIHEN] (] Q — (1Qll=1 A
FAERE) o O

AR A Q+(1QlT RARIEEHME? X Q BATIEME Q = PAPT, N
Q + Q2T = PAP™ +||All2] = P(A + ||A||2D)P"

RIS TR AR AR A + [|All2 BRFIEER . BT (Al = p(A), HIEHXHITR—
ARG, XTSI TR .

&Y 5.9 (77X Rayleigh ). % A, B n WSO BRiibe, I B R, & SUAIME A HIXTHiKE
B 19" X Rayleigh fi:

R(z) = x#0

T Bz’

ERL 5.19. BT E v 2 R(z) WIERFTERMR vo 4 Av = ABz [JETHRHLE A (FFL R

Ho
i 5.20. 35 zo 2 A MXT B LR, W R(zo) 252 XM AFFALE .
seBl 5.21 (Courant-Fischer & HUE] SCRHMIE(E LAY ). T SCRHIEAE A 41l IMBOR 1R I -

Ar =min max R(x)
Vi z€Vi,z#0

An—k+1 = max min R(x
nkt Vi, 2€Vj,x£0 ()

Bl 5.22 CGEFERT R EAMRE). B A € RV B3y :
O=01=00="" =03+ < Oppp1 << 0y
A+QEeRT™ MTHMEN:
O=m=m= =T < Tppp1 < <7,

A
0'7;—7'1‘|§||Q||2 (z:1,2,,n)
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ERE. XTHER 5.18,

5.4 JRBER B B AL ]

X 5.10 (A / Kronecker ). ¥ A = (a;;) € C™*", B = (b;;) € C**7, Fx A5 B WEM
(Kronecker 1) “Hy:

(111B algB cee alnB
an B ax»pB -+ aB

A® B = . . . . c Cmpxng
a1 B apaB - apnB

PAIEDL, aibu BHE AQ B ((i —D)m+k,(j — Dn+1) 4.
PEWR. k(A® B) = (kA)® B = A® (kB)
PR, & A B, M(A+B)®eC=AC+B®C, C2(A+B)=C®A+C®B.

PR, (A®B)®C=A® (B®C)

‘ ‘iﬁﬂfj/‘gﬁg. ﬁEEﬁ aijbklcuv E[ﬁ‘]—‘/l\{jﬁo D ’

PER. (A® B)(C® D)= AC ® BD

‘ E R EHEETF o ’

PR, (@A) (Bi® - ®B)=A4B ® & AB
PEW. (A1 @ By) - (A®@B) = (A1 A)® (B By)

PER. (A9 B) '=A"1@ B!

Y. (A®B)(A'®B 1) =(AA"Y)® (BB~ !) =1 m

Y. 5 A B =ik, W Ae B d2 =ik,
PER. (A® B)Y = A" @ BY
PR B A 1 Br, #UZPRE, W A® B g PG .

PEWL. rank(A ® B) = rank(A) - rank(B)

iERR. X} A, B fERrSHENE A =UaXaV{, B=UgXVj4, N:

A® B = (UA & UB)(EA ®2B>(VA ®VB)H

HeE LG ¥4 @ X A rank(A) - rank(B) NMEEIC. IEE. 0

M. tr(A® B) = tr(A) - tr(B).
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e S pE. HIEEREIT. O

Y. XHFJikgE Ae Cmm, Be C, o A B MIUT B A
X 5.11 (FIHFET). W& A= (ai,az,...,a,), EXFIBLEN:

ai
vec(A) = Z (Ae;)
an
af
ag ;
R, A= | |, ETHIEN:
ay,
aq
. as _ -
vec(A) = | . :Z@ (A%e;)
: i=1
am

BIRA: Vec(A) = vec(AT).

EH 5.23. X AcC™", X € C™*P, B ¢ CP*4, i:

vec(AX B) = (BT @ A)vec(X)
vec(AXB) = (A ® BT)vec(X)

EA]. XHURAAEOE, RABEIIEAMEEIE

MQ

q P
vec(AXB) =) e; ® (AXBe;) = Zej ® (AX (Z eke£> Bej>
j=1 J=1 k=1
q p p q
— Z e; ® (AXeyei Be;) Z (eje; BT er) ® (AXey)
7j=1 k=1 k=1 j=1

I
M@

P
(BTer) ® (AXer) = Y (BT ® A)(er ® Xeg) = (BT ® A)vee(X)
k=1

ol
Il
—

AR E R R, AR EI SR ER S —hE. fTRITER, 8
ELEHUR AT O

Y 5.12 (DAEMFERVE ). BtAeCmr, X A=A AT =ANe A k=1,2,...

Y. (AB)F = AR B Fil B AR T 4 255 3EH .
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l
EX 5.13. XIS f(x,y) = Z cijr'y? BHEME A€ Cm B e C ) sE

4,j7=0

l
f(A,B)= > c;A®B

,5=0

Ml;uQ;-"auna m'] f(AvB) E/‘Jéﬁgq:%ﬁlzﬁyﬂ f()\va/‘j’])7 Z = 1?27"'7m7j = 1727""’”“

IER]. ¥ A B Ml L =ftk A= PaRaP,', B= PgRgPg", Hh R, Rp N =M.
M4 AP = PARY,Py', B= PgRL,P;', T&:
l .
f(A,B)= )" c;j(PaRyP;") ® (PsR,P5")
i,j=0
l .
— ) ¢;(Pa ® Pp)(R}, ® R)(P;' © Pg')

4,=0

!
= (P4 ® Pg) (Z cijRy ® ng) (Pa® Pp)~"

i,j=0

T Ry © R) 2 LS, HXHAIE (Nl [r=1,...,m,s = 1,...,n} SHEFH M,
0 f(A, B) A

l l
diag <Z Cini‘ ®R§3> = { Z Cij)\f«,ug | 7“,8} = {f(/\r).us) | Ty 5}

i,7=0 i,5=0
O
g 5.25. A® B BAEEFHEES {Nip; |i=1,...,m,j=1,...,n}.
8 5.26. det(A ® B) = (det A)"(det B)™.
£, det(A® B) = [T TT—y Aty = (TT A7) (17— 1) = (det A)" (det B)™. =

HE® 5.27. tr(A® B) = (trA)(trB).

N ITFRATI AT R A BAH S B

i 5.28.

zl:Al-XBi =F fff <+ “ec(F)eR (iAi ®BZ>

i=1 i=1
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0. PRLRRRETATAE, 5
l

S (4, ® B vee(X) = vee(F)

i=1

TR BN O

l
B4 Y | AXB; = F SRR, Hod X R, 5P R TR .

i=1

AR B

iﬂ 5.29. Ame Eﬁ*ﬂ‘ﬁﬁj‘j /\17 v m7
ﬁﬂﬁéﬁ%ﬁ?ﬁ%hﬁﬁm~

)\1+/1/J?£O, (i:1,...,m,j:1,...,n)

. PIRIEATATROE, 5
(A® I + I ® BT)vee(X) = vec(F)

B TR ME— R, W REOE AR . R E O ER, AT+ 1@ BT SHE(E
AN+ g, FEICEEUSAT . IR O

R 5.30. AX + XB = O FAEEMAI LSRN RAFAE io, o TEFF Aig + 45, = 0.

#Eig 5.31. AX — XA =0 —EHIEEM.

l
s MR ARXBY = F

k=0

iﬂ 5.32. & Amxm E‘J#%’ﬁlz{gj‘j )‘17 R /\ma
A ME R TR

ann E"J#%ﬁ{ﬁj‘j My

L (Nopg) + -+ (Nipy)' # 0

1. PRI AT R, 15

l
D (A¥ @ (B*)T) vee(X) = vee(F)

B A M, R BOE R AR B f (2, y)
BIAFEAEA f(Nis i) = 1+ Napg) + -+ apg)'

Zx'« © MFSUEREY f(A, BT),
0
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6 ) SR
6.1 BOBHIFEBILIN

X 6.1 (HHHRT). WC'=LoM, WHTHEEzeC AME—ffr=y+2y€eL, z€ M.
WAF o 220 y MARHORNTE M 3] L BSERE T, 2k Poa, B

PLyzr=y

PEWR. R(Ppov) =L, N(Poy) =M. FE v —ye M.
X 6.2 (B HERE). EHET Pou 75 C" EE (e, ..., en) THIHFEFRHIEHIE .

SIR 6.1, B A e Cv BREMG, B A2 =A, N

N(A) = R(I — A)

JERA. AFEL 2 € N(A), W Az =0, W oz =Ax+ (I — Az =(I—-A)zxzc RI-A), HIt
N(A) CRI-A); Tl yecCr, AU-Ay=(A-A%)y =0, # (I - Ay € N(4), K
R(I—-A)C N(A); %, NA) =R - A). O

EHL 6.2 (B 5HAF). W POSBUEAMR R AR PO RS, H:

Poxn=P,y — P>’=P

IERA. AEE: B C" = LoM, WX TAEE 2 € C, fFlEME— 2 v = y+2,y€ L, z€ M.
T Pouxr=y. HIL Pf,Ml' =Prmy=y=Pruz, Bl PLy W5

FEoE ATE x € C WIMEN « = Px + (I — P)z, RIEFIHM N(P) = R(I - P), X
C" = R(P) ® N(P), FrPAXFM RN, T2 P = Prr)nep)- O

VWS WL —#HE (¢, .. q) 1M —H1EE (¢rt1, ..., ¢0), WEERE v € C" 1 EKRN:
x = (q17---aq“qr+lv"'»qn)y:Qy

FR:
Pryr=QLy=QLQ 'v = Ppy=QLQ!

Horp I FORT0 r AMAICH 1 HARN 0 IR AALRE
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A, NTPAE WL TR R BB, (] DAIERABEIOR [R] g BB ok ) Pr oy #B 2 —
FERY . A4 Q= (q1, -+, @) Bl Qum = (Grs10- -2 Tn) s B QL = QLR1, Qu = QuRa,
IJIIJ Q = leag(Rla R2)7 ﬂ:%

P = QI.Q™" = Qdiag(Ry, Ry) I diag(R; ', Ry Q' = QL.Q ™ = Py

AL Proy SHEEAERUC K

EX 6.3 (EXCHWHT). & LI C T2, WA L ) L (WL T P HIEACHY
BT, Wieh Pr

X 6.4 (IEARBEHIE). ERBEEET P AE C" BEE o1, ..o en THIFEFON RSB M .

e 6.3 (IR 54 Hermite). i P ONIEACBGE AR SRR A2 P oRESF Hermite A
%

IERR. DMELPE: 35 P ORIERRHEGE AR, WIRPEER 6.2 MIERBESERE, TR RUI-P) =
N(P). ¥ R(P) L N(P), FfbA R(P) L R(I — P), AKX TAEE =,y € C", H:

t?PH(I-Py=0 = PHI-P)=0 = PP =pPHPpP
— P=(PPE)H = pE =

Bl P 2 Hermite 5%,
st % P 2RSE Hermite JEFE, NIRYEERE 6.2 HMESWEHEIE Prepynvwp). XHT
PH =P, FpA:

Pr(py,n(P) = Pr(p),N(P#) = Pr(p),R*(P)

B PR IE AR AR o O

i‘+%:jj‘i£ B;z L H@*éﬂ% X = (1171, v al‘r)a L+ E"ngﬁg Yy = (yla o 7yn7r)a mu XAy =YyHX = 0.
R P 5 A0 I A T B8 5
1

PLZPL,LL:[X}Y]IT[X}Y}_lz[X}oHX}Y}

R
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BURE (X"X)"tv 0 xH (XAX)1xH
[XIY} - ’*”O”*}*(g/;fg/;q’ vy | T vy iyE
lins
pe= o] [xiv ] = [0 ) P oo

AR R, IERROP RN R SRR E T . RIS R X = (5., 5,), '

X =XR, W

Pp=XX"X)'X" = XR(REX"XR)'REXH
= XRRYXIX)"YR")T'REIXH = X(XPIX) ' X" = P,

AL Py SEIERUC K

AR BT X RPIPERERE, RIS AN X = (XEX)TIX, FRPA P = XX+

6.2 JSCERRRFEMAALE . PR B S T 1
T 6.5, HIRE A Cmxn, PEHEE X € CY i R IR PU/S Penrose 72 :

AXA=A
XAX =X
(AX)? = AX
(XA)H = XA

MFR X A A ) Moore-Penrose ¥, iefE AT, 5 X {H# L LA HREFE (0), (4), ...

i, WER X R AW {i g, 0, GefE AG D eI Afd g,
TR - R R

y
x.//_\ =
XAxe@e—_ |
c cm

X € CnXm

R 6.4, XMERE A e Cmr, At fFFEHME—,
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BB FEAEME. X A AT RENE A=U

X W AT B,
ME—tE. B XY 1R AT,

¥ 0 e
VA WX =V
0 0 0

Y =YAY =Y(AY)? = YYH"AY = yYyH(AX A"
=YYHAR(AX)? = Y(AY)PTAX = YAY AX =Y AX
X =XAX = (XA)"X = AHXHX = (AYA)FXHX

W XxX=Y.

0
. U, W PABRIE

= (YAPAIXHIX = (YAH(XA)PX = (YA)PXAX = (YA X =Y AX

AR EAEMRIE RS T AT MR T A R E T ETA

¥ 0

»-1l 0
0 VHE — At =V

0

A=U UH

EBL 6.5.
lim (621 + A7 A)~1 A = A*
6—0

2

0

by 0
iR K A=U 0 VHE N AHA=V VHE PR

0

NI+ ATA=V THeT U vH
0 521
Sl
- —1
(62I+AHA)—1AH —_ V [O-z2 +62]r><7° 0 VHAH
I 0 621
- . ) }
=V _022 +52_ rXr (AV)H
0 521
- . -
0
_v|lF¥e,,, > Oy
0 s—2r| L0 O
([ oi .
=V _UZ-2—|—52_TXT UH
0 0
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T 6 — 0 Hf,

lim (621 + AT A)TAY = lim V
6—0 6—0 0 0

0;
[U?+52]Mr 0} uf=v

¥t o0
0 0

U = A+

5|3 6.6.

N(A) D N(B) < 3X,A=XB
R(A) € R(B) <= 3X,A=BX

i 6.7.

rank(AB) =rank(A) = 3X, A= ABX
rank(BA) = rank(A) = 3X, A= XBA

8. HF R(AB) C R(4), H dimR(AB) = rank(AB) = rank(A) = dim R(A), #&
R(AB) = R(A). T/& R(AB) D R(A), H4E53% IX, A= ABX.

M, BT N(BA) D N(A), H dim N(BA) = n—rank(BA) = n —rank(A) = dim N(A4),
it N(BA) = N(A). T4 N(BA) C N(A), HE5/34 3X, A= XBA. O

THEH]

AR RPN TEIE PR, B ER T 2o i B, SmA B

B 6.8. HifF Ae Cm fME— LB SEBAAEN A BIER AR, Hiz 1-bge A

. FAMERSR, BEMEESIIT. B Au=0, AXA= A, BAKSRKIE X' = X +u-
[1,0,...,0] B/t AX'A = A, fiF 10—, B u =0, B) N(A) = {0}. KMAaTLAED]

N(AT) = {0}, T2 A Z\WR: BAT#RE, # A RAI 7.

O

PR (1). (AM)" e AT{1}.
PR (2). ATAD € MA){1}. Kb A e C, AT = {A

PRI (3). # S ORI T AE#S, W T-AWST e (SAT){1}.

PERR (4). rank(A™M) > rank(A).

0, A=0

JEB. rank(A) = rank(AAM A) < rank(AD).

PR (5). AAW F1 AW A BRHFERFFRYS A MR-
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JE8. rank(AAM) < rank(A) = rank(AAM A) < rank(AAD), #f rank(AAD) = rank(A).

O
PER (6). R(AAW) = R(A), N(AWA) = N(A), R(AMA)T) = R(A").

JER. R(AAW) C R(A) = R(AAWA) c R(AAWM), # R(AAM) = R(A).

HHh, N(A) c N(ADA) c N(AADA) = N(A), it N(ADA) = N(A). O

PERR (7). AWA =1, < rank(A) =n, AAD =1, <= rank(A4) =m.

JERA. HRPEMESR 5, rank(AMA) = rank(A), HLEH: AVA =1, = rank(AVA) =
n = rank(A) = n; T rank(4) = n = rank(AMA) =n, Bl AVA W, L ADA
B, WO, 75— k. O

P (8). g 6.7 WPk, i TAAER X R RMAIER:

AB(AB)YA = A <= rank(AB) = rank(A)
B(AB)MAB = B <= rank(AB) = rank(B)

EB. XHLUERSE—1T, 55 ATIEBIATIE,

Ak RIEIEE 6.7, fRfE X 15 A= ABX, T2 AB(AB)MWA = AB(AB)YABX =
ABX = A.

WoBEE rank(A) > rank(AB) > rank(AB(AB)W A) = rank(A), #f rank(AB) = rank(4). O

AL 6.9. WY, Ze A{l}, W X =YAZ € A{1,2}.

M. XAX = YAZAYAZ =YAYAZ =YAZ = X, # X € A{2}. XL AXA= AYAZA =
AZA=A, i X € A{1}. &1, X € A{1,2}. 0

> 0
e 2 (RIA@EMBX, LTX) . ARMEMEA=U 0 0 VE WY, Z w5554k

¥ C Y C
Y=V "WuHE, z=vVv | UH
D, E; D, E,
TR
B C B 0 B! B!
X=YAZ=V "W UHY VHEY &% UH — Co H
D, E; D, E, D, D,BC,

TP 6.10. ZEME A X € A{1}, W X € A{1,2) (742 rank(X) = rank(A).
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R, k. T X € A{1}, i A= AXA, T& rank(A) = rank(AX A) < rank(XA) <
rank(X) = rank(A4), #i rank(X) = rank(XA). RIEHEL, FF Y 5 X = XAY, TR
XAX = XAXAY = XAY = X, # X € A{2).

WEM, BT A = AXA XAX = X, T#& rank(X) = rank(XAX) < rank(4) =
rank(AX A) < rank(X), # rank(X) = rank(A). O

SIBE 6.11. XMEEMM A 4

rank(A” A) = rank(A) = rank(AA")

. BT AAx =0 = 2HA%Ar =0 = Az =0, fiPA N(A"A) Cc N(A). X
N(AHA) D N(A), T2 NAHA) = N(A), T2 rank(A7 A) = rank(A). H—4 M. O

R 6.12. BHHE A, N

Y = (AHA)W AT ¢ A{1,2,3}
7Z = AM(AAT)D ¢ A{1,2,4}

8. BT rank(A” A) = rank(A) = rank(AA"), WG 10 MR 8 A :
A= AAF AW AF A, AT — AH A(AH )0 AH
Flins

AYA = AAFADATA = A = Y € A{1}
YAY = (AFA)WATA(AHA) VAR = (AHEA)DAH =y = Y € A{2}

XAFHE X 3 A= XAHA,

AY = A(AHA)DAH = (X AHA)(AHA)D (X AE A)H
= XAFA(AF AV AT AXH = X AHAXH

& Hermite |4, T2 Y € A{3}. Z [k . O

T 6.13.
AT = A(1,4)AA(1,3)

. B X = AGDAALS RERSCF 12- W @B X € A{1,2}. 4h,
AX = AATHAACD) = AACD | XA = ACHAA0D 4 = A0H 4

ig% Hermite %Ema /‘)\ﬁ%’%”%i@o D
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il 2 (A AEMBX, LTFX) . TODO O

E 6.14. HEME AeCm ) A

rank(A") = rank(A).

(ATt = A.

(AH)t = (AT)H | (AT)+ = (AH)T.

(A AVt = A+(AH)T (AAH)* = (AF)*+ A+,
At = (AT AYFAH = AH(AAP)Y,

R(AY) = R(Af), N(AT) = N(AM).

IS A e

IER. {5 ZRARTI DA AT SIERH . XFF55 6 4%, MR 1 WAl rank(AT) = rank(A) =
rank(A7), #4425 A1 R(AT) € R(AT), N(A*) > N(AT), T8 R(A+) = R(AT), N(A*)
N(AH).

(I

fiEig 6.15. 5 A € Cxn ) RIFIRL, W AT = (AFA)1A"; % A e Coxn, BIfrwide, Wl
AT = AH(AAH)-1,

fiig 6.16. ¥ ae€C, Ha#0, N ot =(afa) o, ii ()" = (a™)¥ =a(afa)™!.

PSR R 1 A € Crxn | MR m BT (S PTRIEE) PR Bl R (s
B) Q (it A= P ﬁ g] Q. Hl B H v Bl atate. Mo, &7 SUSHERIL R R

) S ahfiE
Bt C
X e A{1 3C,D,E, X=Q! -1
n Q [D -
B71
X e A{1,2} 3C,D, X=Q! © p-1
D DBC
B~ 0
X e A{1,3 ID,E, X=Q! -1
{1.3) R I
Bfl
X e A{1,4} 3C,E, X=Q! “l p
0 F
Bt 0
X e A{1,2,3 3D, X=Q! p-!
{1.2,3) R
Bfl
XeA{1,2,4} 3C, X=Q! CP—1
0 0
B~ 0
XeA{1,34} 3JE, X=Q p-!
0 F
B=t 0
X € A{1,2,3,4} X=Q! . OP—1
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AR S, FRE X 6.5 e i) S SO TR L. ORIy, A
TR A2 2y RE SR, i B Fi i A A 2O SRR

)y
A MR RES A AMER A=U [ . 8} VA, e RHRRIRTETE, I SGE] s

B S T 1 (RO SIS, A AR LA, BT AFRAT TN b8 5R AL B A
HXFAREE, ARG B nRie] . nf LB P, Q, B:

A T B0 P
m | f7A5HR 0 0
I, 0| #%
Q 0

Wl pAEsE QR 2 EEM NS EIA G P i1 AP B r SILMETC K, WX AP i

2 Rl G N — R{—I 0 2
QR SR AP = Qi | Ol b Ry k= fse. ma | L | QR G
RE 0 Ry O R . .
o o =@ |, | T e MLEfERE. TR
H H
AP=qu | e — A= lore

RXEEAREIN B A =AM,

X 6.6 ()7 SGEREME ). A eC™ ™, FHHiE X € C™™ P AX = Pray, XA = Ppx),
Hrp P @250 L ERIE B8, WK X 9 A 9 Moore J" SCHAERE

AL 6.17. Moore | SCHAR AT Penrose |7 SCI A FE 2 SE M)

6.3 ) SCERRFER VS5 Tk

EP 6.18 (/1] Hermite FRfEEITE 1-350F0 1,2-36). & A € C™*" ) ik Q € C*™ fiI P € C*"
(BEES
I, K

AP =
@ 0 0

WS (P ATDAFUR— AU B ), MUAHERE L € COmX0n=) s il

I, 0
0 L

X=r Q

XEI%AE/‘J]-_:EE) %‘é\LzomuX%AEglaz'iyjo

A FRERIRARE 6.2 F 1R 1L2- WA, AEXEAERK K =0, MM
el ghn C, D XBEWUEE, Wi fFelr 2 — k.

B 6.19 (WM sR) ™ SGHAERE). & A € CV " IlFk A A= FG,
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GOFWM ¢ Ali}, i=1,2,4.
GOF® ¢ Afi},i=1,2,3.
GO+ € A{1,2,3}, GTF®M ¢ A{1,2,4}.
At = GtFO3) = g9t
At = GHFY = GH(GGH ) (FHF) ' FH,

AR

EME. BT F SRR G ARk, MiE -3 7, F FOF = GGY = I, FIfX—
AU, HESCRIMTEAIE 15 20 3 1 4 ATl 10 2 158, 5 FIH T & TATIHER-5 9 Rk Y 0 1
i A* A

SEH 6.20 (Zlobec AT AT).

AT = AH(AH AAH)W) pH

N T 0
LR (FIREBLX) B A=U 0 0 VH
T 0 T 0 z 0 =0
AP AAT =V Ufu VHEY Ui =v v
0 0 0 0 0 0 0
T
3 C
(AHAA®YD = U VH
D E
PR -
¥ 0 pra e Y0 ¥t 0
AT (AT AATVAT =V vty vy Ui =v Ut
0 0 0 0
X At AEmE . O

IR RUED], FHE L5 B, RAERRRE, XHEAMUROE . Al X ses| mg
—UHIREEE, HAE NI,

T 6.21. F AeCrxn UeCmr, Ve C¥m Nl

UWVAU)DV € A{1} <= rank(VAU) = rank(A)

AR XAERE LURYTERT 8 MY, [T 8 (T AR ) -

AU(AU)Y A = A < rank(AU) = rank(A)
AVA)MVA=A < rank(VA) = rank(A)

F—Aelt ARWRNE LU, B4 AWANR LV, MXAEBALFRRET V M
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U.

iERA. 7o PE. B rank(VAU) = rank(A) %l R(VAU) = R(AU) = R(A), N(VAU) =
N(VA) = N(A). WEE XY il A = AUX = YVA, TR AUVAU)MDVA =
YVAU(VAU)DVVAUX =YVAUX =YV A= A.

WEWE: 777 TODO =

M 6.22. AMEEAIME A, WA X € A{1,2} Al R(X) = R(A"), N(X) = N(A") fiue—HE 1N
AT,

P 6.23 (Greville AZITHE A1), Greville AR E1TH AT 1 EANX., & AeC™™ it ar N
AW kA, Ay b ABIHET kSR F4E R ac:

_ A+ _
di = Ak,laka cr = ap — Ap_1dy,

UK

A =

AfF | —dpbl o, ek #0
ot kk}, where ka:{ ¥ s
k

bi! (1+dlfdy)"dIAr |, e =0
6.4 ) SRR S 2Pk FRELK R

XFREA Az =0, MR A R, W= A7 ZME—, MAEHAEILT, JATHEGEIR
AR ZER

o WUERTFRRAIANA, HHEA TR, A ERBUMEER, B ming,— 2]

o WERTTRRAURME, RITEAR, IRATATA R GO AR /b R, Bl min ||Az — b3

o BN, F/N T AARIAME—, RIFAN A ZOR B MEB /D SR, B ming ) ac-p) [2]]-
2. AR 2 ek

P 6.24 (M RAMAZE. WS 1), % Ae C™", B e CP*, D e C™ 9, N4EMEN
& AXB = D MZEMREAMZ:
AAYDBMB =D

M TRAAZS T, SRR -
X=A9DpBW 4+ vy — AW Ay BBM

Hrp Y € CvP BT RMiFE.

JERA. M, Bl X = ADDBW Hiul; BME, B AXB = D Af#, W D = AXB =
AAWAXBBYB = AAODBWV B,

S EME, Bk X =A0DBW 1y — AMWAYBBW Byfifg; Hik, # X BHE
R, WIEY = X HIn] SEEMIEL. O
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g 6.25. & AcC™, Bt AW € A{1}, N:

A{1} = {AW + Z - AW AZAAD | Z e C™}

R AR X € A{1} WM AXA = A, A Lk @B E e 4G

X =ADAAD 17 - ADAY AAD
= AWAAD L AD 4 7 - AW AAD + 72)AAW W — A7
=AW 4+ 74+ ADWAAD — ADAADAAD _ AW AZAAD
=AW + 7 - AMAZAAD

O
TR 6.26. MRl A = b AR RS2
AAWp =b
RN
z=AMp+ (I - AV Ay
Hrry € C" LR RIE.
° |

‘ SERA. TEERE 6.24 P X =2, B=1, D =b HJT.

ERE 6.26 J245E AV SRR, Ok, R ARMBEAT AL AD.

P 6.27. PN TAEREW 2 Av = b AR b, »= XbHRREM, W X € A{1}.

B, I8 Az =a;, W a; H AW, BT z = Xa; @HENE, A AXa; =a;, T

B AXA=A, # X € AQ1}.

D

S8 6.28 (T/INEEH). AT Av = b B NERCRIE—, HIXAME—RTE R(AT) .

N(4), FR:
el = lly + =1 = llyl1? + 1211” = lly]?

B © =y € R(AH).

x—1a' € R(AT), iz —a’ =0.

itB]. T R(AY) = N(A)*L, Fbhik ¢ =y+2, Hi y = Proamyz € R(AY), z = Pyayz €

HT Az=0 = Ay =0, Wy BETRENME, N Tk o BEB/NERUR, iR 2 =0,

ME—E. & 2’ € R(A®) H Az’ =b, W A(x —2') =0, Bl z — 2’ € N(A) = R+(A"). ¥

O

SIRE 6.29. A A{1, 4} MM XA = ACYA WETARAR, Hp AGY € A{1,4}.
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ER). AXA=AAGYDA = A, FibL X € A{1}; (XA)H = (ACDA)H = AOD4 = XA, fiT
P X € A{4}. % F X € A{1,4}.
H—IH, & X € A{1,4},

ACDA = ACDAXA = (AT A H (X A)H = AT (ACH AR X H
= (AABY AP XT = A" XT = XA

B X R T AR O

EME. HERRHRE A R, (E ACYA M,

f&i’ﬁ 6.30. A(1’4)A = PR(AH).

EP 6.31. ¥ AcCmn, ALY ¢ A{1,4}, N:

A{1,4} = {AYY 4 Z(I — AAIY) | Z e C™™)

. AREESIHE, ER X € A{L 4} WEFR XA=A0YA, RABEWEE:

X=A0Y240Y 1y —yAALY
= ABVAASD 1 AGD 4 7 — (A 4 Z7)AACH Y =AY 17
= AGD 4 7 4 ACHAACD _ (40D L 7)4408
= AW 4 Z(1 — AADY)

O

TR 6.32 (A AL/ INEAURS 1,4-90). % Az = b %, W oz = AGYb SR/
Rz, EMNTALE b e R(A), v = XbALRM/NERE, W X € A{1,4}.

JERR. A EREM v = AGY —E R, W Au =10, N z = AGYp = A0H Ay =
(ACD Ay = AH(ACDYHy € R(AT), FRARYEATGIHA o AME—HR/NEBUSR .

Rz, %E Az = a;, T == Xa; BHRBP/NEBIE, iR Xa; = AlYa;, B XA=
ACDA | RIES | X € A{1,4}. O

SIBL 6.33. 4 A{1,3} M TE AX = AACD) RRETARAR, Ho A e A{1,3}.

JERA. AXA = AACDA = A # X € A{1}; (AX)H = (AAD)H = AACS) = AX | i
X e A{3}. Zi b X € A{1,3}.
7—Jim, # X € A{1,3}, W:

AACD = AXAATS) = (AX)H(AADNH = XHAH(AQ)H AH
= XH(AAGS ) = XHAH — AX
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‘ B X . 0 ’

| MR ALY A, R AACD e, |

g 6.34. AALS) = Ppy

EP 6.35. ¥ AcCmm, ALY ¢ A{1,3}, N:

A{1,3} = {AND) L (1 — AW A7z | Z e C™)

PER. ARRTIEE, (L3 X € A{1,3) MR AX = AACY | [ AGEMIBR

X = ABDAAGS 1y A0 Ay
= AL A A3 L A3 4 7 A(l’?’)A(A(l’?’) + 2) Y =AW L 7
= ALY 1 74 AL QAL _ AG3) 4403 4 7)
= A0 (1 - AD )7z

O

SRR 6.36 (OF J& hFEdlif/ N RS 1,3-3). WA N Av =0b, W z=ASDb N/ FfE;
2, #F0FALE b, = Xb #HlRHm/N_FfE, N X e A{1,3}.

T 6.37 (VEHFE). x RAEA Az = b /N R FTE LR
AP Az = AP
P 6.38 (F TR H IR/ INEER/N RS AT). v = AT TR Av = b WME— R NERL

NI IZ, FRIH b, o= X0 HGETTRE Ar = b BB INERUR N R, N X = AT

WP 6.39. FHHE R AXB = D AMZ, MHEAR INEE R/ DN 3@, BN 2 minm, jaxs—p) | X
HME—fRh X = ATDBT.

TERR. Dy REP A AT
vec(AX B) = vec(D) = (A ® BT)vec(X) = vec(D)
Fo /NGRS i h -

vee(X) = (A® BT)*vee(D) = (AT ® (B")")vee(D) = (AT ® (BT)")vee(D)

TREGERNM AP ER 715 X = ATDBT. O

2. PRWIENET (A® B)T = AT ® BT 4G5S, %458 T U E LIRIIE.
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N XT Az =b, A

o Az =b MBEMFTELKIZE AAVD =D

o # Az =0b M, W@ v =AYb+ (1 - AV Ay

o & Az =0b M, WH/NEERR « = ALYb

o # Az =b FME, WEN TR = ALDb

o Az =b R, W NEEEN “IRIFER « = AT

T AXB=D, f:

« AXB =D MM ELIHE AAYDBYB =D
« ¥ AXB =D %, Widfth X = AVDBY +Y — AW AY BBW
« % AXB =D A%, Wl/MEuR/N RN X = A*DB*

) SR A AR

e A{1}={X|AXA=A}={AD +Z - AWAZAAW | Z € C"*™}

o A{1,3} ={X|AX = AA®} = {ALS) (] - AU A7 | Z € C*™}
o A{1,4} ={X | XA=A0DA} = {AOD 4 Z(] — AABD) | Z € C**m}
o A{1,2} = {X | rank(X) = rank(A), X € A{1}}
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